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Abstract

We consider the inverse conductivity problem with discontinuous con-
ductivities. We show in a rigorous way, by a convergence analysis, that one
can construct a completely discrete minimization problem whose solution
is a good approximation of a solution to the inverse problem. The mini-
mization problem contains a regularization term which is given by a total
variation penalization and is characterized by a regularization parameter.
The discretization involves at the same time the boundary measurements,
by the use of the complete electrode model, the unknown conductivity
and the solution to the direct problem. The electrodes are characterized
by a parameter related to their size, which in turn controls the number of
electrodes to be used. The discretization of the unknown and of the solu-
tion to the direct problem is characterized by another parameter related
to the size of the mesh involved. In our analysis we show how to precisely
choose the regularization, electrodes size and mesh size parameters with
respect to the noise level in such a way that the solution to the discrete
regularized problem is meaningful. In particular we obtain that the elec-
trodes and mesh size parameters should decay polynomially with respect
to the noise level.
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1 Introduction

Let Ω ⊂ RN , N ≥ 2, be a bounded domain with Lipschitz boundary. Let σ0 be
a conductivity in Ω. We assume that such a conductivity is unknown and we
wish to determine and, possibly, reconstruct it by performing boundary mea-
surements of current and voltage kind. In the ideal case of performing infinitely
many measurements, this corresponds to the Calderón problem, [8], or inverse
conductivity problem. This problem attracted a great attention for its numerous
applications in various fields, such as nondestructive evaluation in engineering
and medical imaging, just to mention a few. It is also an extremely interesting
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and challenging problem from a mathematical point of view and it can be seen
as the prototype of several other significant inverse boundary value problems.

Namely, let g ∈ L2
∗(∂Ω) = {g̃ ∈ L2(∂Ω) :

´
∂Ω
g̃ = 0} be the applied current

density on ∂Ω. Then the electrostatic potential u is the solution to the following
Neumann boundary value problem

(1.1)

 −div(σ0∇u) = 0 in Ω
σ0∇u · ν = g on ∂Ω´
∂Ω
u = 0,

ν being the outer normal. We measure such a potential still at the boundary,
that is, we measure u|∂Ω ∈ L2

∗(∂Ω). Therefore, in principle, one could measure
the so-called Neumann-to-Dirichlet map N (σ0) : L2

∗(∂Ω) → L2
∗(∂Ω) such that

for any g ∈ L2
∗(∂Ω)

N (σ0)[g] = u|∂Ω where u solves (1.1).

We have that N (σ0) is a bounded and linear operator. The inverse conductiv-
ity problem is to find σ0 from (a partial knowledge of) N (σ0). Since N (σ0)
comes from measurements, the available data are, still in the best scenario, a
perturbation of N (σ0), which we call Nε, where ε > 0 represents the noise level.

Even when uniqueness holds, reconstructing σ0 from N (σ0), or better Nε,
is an extremely challenging task because this problem is ill-posed. For example,
the simple least-squares approach of solving, for some class M of admissible
conductivities,

min
{
‖N (σ)−Nε‖2 : σ ∈M

}
might lead to serious issues, see for instance a review of the related instabilities in
[51]. Here and in what follows, the norm is that of bounded and linear operators
belonging to L(L2

∗(∂Ω), L2
∗(∂Ω)), which in short we call L2-L2 norm.

In order to recover stability, some a priori information on the unknown σ0

or, correspondingly, some regularization of the minimization problem is needed.
However, even with strong a priori assumptions on the unknown, the problem
is still severely ill-posed, as the example in [44] clearly shows.

For simplicity we restrict ourselves to regularizations of Tikhonov type. A
general introduction to their use in inverse problem is in [19]. In the smooth
case, the theory of convergence of Tikhonov regularized solutions for nonlinear
operators, with convergence estimate, was developed in [20], see also [19]. For
the inverse conductivity problem, the Tikhonov regularization in the smooth
case was treated in [43], see also [32]

We are interested in the more challenging case of discontinuous conductivi-
ties. In the nonsmooth case, a reasonable regularization is that of a total varia-
tion penalization, or other BV -related variants. For its use in solving ill-posed
linear problems, see [1, 11] and [56, 57] and the references therein.

For the inverse conductivity problem, where linearity is not available any
more, we still consider the a priori assumption that the unknown conductivity
σ0 belongs to BV (Ω), that is, it has bounded variation. We call

|σ|BV (Ω) = TV (σ) = |Dσ|(Ω)

the total variation of a conductivity σ. Therefore, let us assume that |σ0|BV is fi-
nite. The corresponding regularization is given by a total variation penalization,
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that is, by solving the regularized problem

(1.2) min
{
‖N (σ)−Nε‖2 + a|σ|BV (Ω) : σ ∈M

}
where the regularization parameter a = a(ε) > 0 should be suitably chosen with
respect to the noise ε.

This kind of regularization has been proven to be effective with many dif-
ferent numerical methods, see [16, 10, 13]. Only later on, in [49], the validity
of this approach was rigorously proved by showing the following convergence
result. Let σε be a solution to the regularized problem (1.2). Then, provided
a(ε) is suitably chosen, and up to a subsequence, σε converges in L1(Ω) to a
conductivity σ̂ which belongs to the following set Ŝ of optimal solutions of the
inverse problem. Let S = {σ ∈ M : N (σ) = N (σ0} be the set of solutions of
the inverse problems. Then

Ŝ =

{
σ ∈ S : |σ|BV (Ω) = min

σ̃∈S
|σ̃|BV (Ω)

}
.

That is, σ̂ ∈ Ŝ if

(1.3) N (σ̂) = N (σ0) and

|σ̂|BV (Ω) = min{|σ|BV (Ω) : σ ∈M such that N (σ) = N (σ0)}.

In other words, σ̂ is a solution to the inverse problem with minimal total varia-
tion. When uniqueness holds, that is, when S = {σ0}, then we have convergence,
without passing to subsequences, of σε to σ0, still in the L1(Ω) norm.

Other BV related penalizations have been used for the Calderón problem,
such as the Mumford-Shah functional introduced in [46]. The numerical part was
developed in [52], the convergence analysis is again in [49]. Further developments
can be found in [31] and in [51], where the results of [12] are presented.

We give a brief account of the main uniqueness results for this inverse prob-
lem. The first uniqueness results, for scalar conductivities in dimension N ≥ 3,
were proved in [34, 35]. They showed that the conductivity at the boundary
is determined by boundary measurements and treated the analytic case. This
regularity was lowered to C2 in [55]. The piecewise smooth case was treated in
[30]. More recently, the regularity has been reduced to C1 or Lipschitz but close
to a constant, in [27], and to Lipschitz, in [9]. The up to date result is given in
[26], where conductivities with unbounded gradient are allowed and uniqueness
is shown for W 1,N conductivities, at least for N = 3, 4.

The two-dimensional case, that is, when N = 2, is slightly different. The
first uniqueness result for smooth conductivities was proved in [47]. By complex
analytic techniques, the two dimensional case is now completely solved, since
uniqueness holds for L∞ scalar conductivities, [6].

The anisotropic case, that is, when the scalar conductivity is replaced by a
symmetric conductivity tensor, has a natural obstruction to uniqueness. Namely,
a change of variables that keeps fixed the boundary does not change the bound-
ary data of the transformed equation. In dimension 2, this is the only obstruc-
tion, as shown in [54] in the smooth case and finally in [7] for the L∞ case.

Unfortunately, in RN with N ≥ 3, the required a priori assumptions to have
uniqueness are still much stronger than assuming the unknown to be a function
with bounded variation.
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The convergence result in [49] does not take into account two major difficul-
ties.

The first one is that the Neumann-to-Dirichlet map involves infinitely many
measurements. First numerical approaches, of a variational type, with a finite
number of measurements are in [58, 36, 33]. However, the measurements that
can be really obtained in the experiments are those describes in [53], which are
called experimental measurements or Complete Electrode Model (CEM). They
are encoded in an M×M matrix R(σ0), called resistance matrix, where M is the
number of electrodes used. A first numerical investigation of CEM may be found
in [41]. Then, in a series of papers, [28, 29, 40], it has been shown that, provided
the electrodes are suitable chosen, the resistance matrix may be seen as a good
approximation of the Neumann-to-Dirichlet map. Therefore, it is reasonable to
replace the Neumann-to-Dirichlet map with a perturbed resistance matrix Rε,
where again ε denotes the noisel level.

The second major difficulty is the discretization, which can be seen from two
different viewpoints.

The first one, the most important, is the discretization of the unknown. In
fact, discretizing the unknown σ0 produces a discretization error that adds to
the noise error on the measurements and it is very difficult to tackle, see for
example [48]. The main issue is in finding a good balance between the desire
of a good resolution (which requires a finer discretization) and that of stability
(which requires a coarser discretization). An answer to this issue for the inverse
conductivity problem was first given in [51], with a precise indication of how to
choose both the regularization parameter and the mesh size of the discretization
with respect to the noise level. However, in [51], the full Neumann-to-Dirichlet
map was used, rather than the Complete Electrore Model, and the next dis-
cretization issue was not taken into account.

Such a second discretization issue concerns the direct problem. In most nu-
merical methods of reconstruction, one needs to solve, maybe several times, the
direct problem, which is a boundary value problem for an elliptic equation like
(1.1). In practice, a discretization of such a boundary value problem is used and
it would be interesting to understand how this affects the convergence of the
overall method. A preliminary analysis of this problem is in [23]. They use the
Complete Electrode Model and study the convergence of a discretized model,
in the polyhedral case and in the curved case, which is the main contribution of
the paper. What is missing in their analysis is the fact that both the regular-
ization parameter and the electrodes are kept fixed and only the discretization
is allowed to change.

The aim of this paper is to provide a full discretization of the inverse problem,
with a suitable regularization, for which a convergence results such as in [49]
still holds. The regularization used is the total variation penalization and the
discretization involves the measurements, with the use of CEM, the unknown
conductivity and the direct problem. In other words, we combine all previous
approximations together and simultaneously to obtain a fully discretized and
regularized minimum problem whose solution is a good approximation of an
optimal solution to the inverse problem. We mention that a preliminary analysis
towards this goal can be found in [21], whose results are here considerably
sharpened.

In order to be more precise, let us illustrate our approach. In this introduction
we consider for simplicity just scalar conductivities, but all our results carry over
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to the anisotropic case of symmetric conductivity tensors.
Let us assume that σ0 is the unknown conductivity in Ω. We apply suitable

M electrodes on ∂Ω. These electrodes are characterized by a parameter δ >
0 which describes the size of the electrodes. If the measurements are noise-
free, then we could measure the M × M resistance matrix Rδ0 = Rδ(σ0), as
described in [53]. In practice, only an approximation of the resistance matrix
can be obtained, namely our available data is encoded in an M ×M matrix Rδε
such that

‖Rδε −Rδ0‖M×M ≤Mε.

Here ε > 0 is the noise level and the norm ‖ · ‖M×M is the Euclidean norm
in RM×M , with the M ×M matrix identified with a vector in this space. In
this case, we assume that the measurement at each electrode is marred by an
error of order ε. We assume that such an error is independent on the size of
the electrode and, more importantly, on the value of the voltage as well, that
is, it is not a relative error. We believe this to be the worst case, however, see
Remark 5.2 for the simpler case of a relative error ε. We note that the number
of electrodes M grows, as δ → 0+, like δ−(N−1), see (3.40).

With the same electrodes, we consider a simplified version of the resistance
matrix, which, for any conductivity σ, we call R̂δ(σ). In this simplified version
we neglect the contact impedance on the electrodes, thus we just employ the
usual direct problem (1.1). This allows us to simplify the numerical treatment
of the direct problem which is a completely standard one.

We then discretize the problem as following. For a parameter h > 0, which
describes the size of the mesh, we discretize our domain Ω with a suitable
triangulation and we associate to it its corresponding finite element space, which
we call Xh. Xh is a finite dimensional subspace of H1(Ω). When restricting to
Xh, for any conductivity σ we can find a discretized version of N (σ), of Rδ(σ)
and of R̂δ(σ), which we call Nh(σ), Rδh(σ) and R̂δh(σ), respectively. In order to
make it a really discrete problem, we should guarantee that each electrode is
the union of a finite number of elements of the corresponding triangulation of
∂Ω, see Remark 5.7.

We then consider the following completely discretized and regularized mini-
mization problem

(1.4) min
{
‖R̂δh(σ)−Rδε‖2 + a|σ|BV (Ω) : σ ∈ Xh ∩M

}
.

where a = a(ε) > 0 is the regularization parameter. We note that for any M×M
matrix R, ‖R‖ denotes the norm as a linear operator from RM into itself. Such
a minimization problem is completely discrete and admits a solution which,
dropping the dependence on ε, we call σδh,a. Even if the problem is completely
discrete, solving numerically (1.4) could be still a daunting task and we will not
discuss these numerical difficulties in this paper. What we are interested in is
the following approximation result: we would like to find parameters a = a(ε),
δ = δ(ε) and h = h(ε), depending on the noise level ε, such that, as ε→ 0+ we
have

σ
δ(ε)
h(ε),a(ε) → σ̂

where σ̂ is an optimal solution to the Calderón inverse problem, that is, σ̂ ∈ Ŝ
as in (1.3).
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In [28, 29, 40], it has been shown how the resistance matrices approximates,
as δ → 0+, the corresponding Neumann-to-Dirichlet maps, with respect to the
L2-L2 norm. Namely, they introduced a suitable projection Q and a suitable
extension operator E, depending on the electrodes thus on δ, that allow to
transform any (simplified or not) resistance matrix R into an operator E ◦
R ◦Q : L2

∗(∂Ω)→ L2
∗(∂Ω). More precisely, instead of R we should use here the

corresponding operator R defined in (3.18). Next they show that, under suitable
geometric assumptions on the electrodes, for any conductivity σ,

(1.5) ‖E ◦Rδ(σ) ◦Q−N (σ)‖L2-L2 → 0 as δ → 0+.

If σ = σ0 and also ε → 0+, we conclude that the same property applies to Rδε,
that is,

‖E ◦Rδε ◦Q−N (σ0)‖L2-L2 → 0 as δ, ε→ 0+.

Our approach is inspired by Γ-convergence techniques. The most difficult
part is to find a recovery sequence. Namely, we need to find σh ∈ Xh ∩M such
that σh → σ0 as h→ 0+ and such that

‖E ◦ R̂δh(σh) ◦Q−N (σ0)‖L2-L2 → 0

in a suitable way. We split this difficult problem into the following four terms

‖E ◦ R̂δh(σh) ◦Q−N (σ0)‖ ≤ ‖E ◦ R̂δh(σh) ◦Q− E ◦Rδh(σh) ◦Q‖
+ ‖E ◦Rδh(σh) ◦Q−Nh(σh)‖+ ‖Nh(σh)−N (σh)‖+ ‖N (σh)−N (σ0)‖.

The fourth term is the continuity of the Neumann-to-Dirichlet map with respect
to the coefficient. The third term is the approximation of solutions of elliptic
equations by their discretized counterparts using finite elements methods. The
second term is the analogous of (1.5), just at the discrete level. The first term
corresponds to showing that the contact impedance does not play a significative
contribution.

As we already pointed out, one by one, the convergence of many of these
terms have already been studied. The difficulty here is that we need very precise
and quantitative convergence estimates in terms of δ and h. For example, the
first two terms need to converge as δ → 0+ in a way that is independent from
h.

In our main result, Theorem 5.1, we show that if we choose a = a(ε), h = h(ε)
and δ = δ(ε), with respect to ε, as in (5.4) and (5.5), then the solutions to the
corresponding regularized and discretized minimization problems converge, up
to subsequences, to an optimal solution to our inverse problem. Therefore our
result rigorously shows that, if we choose in the right way the regularization, the
electrodes and the discretization, we end up with a fully discrete problem whose
solution is, provided the noise error is small enough, a good approximation of
an optimal solution to the inverse problem.

The plan of the paper is the following. In Section 2, we introduce the no-
tation and present some preliminary result. In particular, in Subsection 2.1 we
recall the definition and main properties of Γ-convergence. After introducing
the notion of conductivity tensors, Subsection 2.2, we study several properties
of Lipschitz domains and of their corresponding Sobolev spaces, Subsection 2.3.
The proof of most of these results is sketched in the Appendix. In Subsec-
tion 2.4 we consider the discretization of the domain and recall the definition of
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the corresponding finite element space. Then, Subsection 2.5, we describe the
continuum direct problem and we state its continuity with respect to the coef-
ficient of the equation, Theorem 2.17, which allows us to deal with the fourth
term above. In Section 3, we review the experimental measurements and we
present two different results. First, Subsection 3.1, we show that the experimen-
tal measurements are controlled by the Neumann-to-Dirichlet map, by slightly
improving an analogous result of [50]. Then, Subsection 3.2, we show, following
[28, 29, 40], that the experimental measurements are a good approximation of
the Neumann-to-Dirichlet map, which is the key to treat the second term above.
The main novelty here is a careful handling of all the constants involved and the
fact that the estimates are performed also at the discrete level by replacing the
H1(Ω) space with any subspace X containing constants. Finally, Subsection 3.3,
we introduce the simplified resistance matrix and estimate its difference with
the resistance matrix, that is, we study the role of the contact impedance at the
electrodes. This allows us to treat the first term above. In Section 4 we deal with
the discretization error, that is, with the third term above. Following [51], we
approximate, in a suitable way, the unknown conductivity by piecewise linear
ones, Proposition 4.1. The study of the discretization error for the solution to
the direct problem requires an even more delicate analysis and it is completely
new in several aspects. This is carried over in Proposition 4.2 and it is applied
to the Neumann-to-Dirichlet map in Corollary 4.3. In Section 5, we finally state
and prove our main approximation result, Theorem 5.1. In Section 6, some final
remarks and perspectives are presented. In the Appendix, we prove most of the
results of Subsection 2.3 as well as Theorem 2.16.
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2 Preliminaries

The integer N ≥ 2 denotes the space dimension and we recall that we usually
drop the dependence of any constant on N . For any Borel set E ⊂ RN , we
denote with |E| its Lebesgue measure, whereas HN−1(E) denotes its (N − 1)-
dimensional Hausdorff measure. For any x ∈ RN and any s > 0, Bs(x) denotes
the open ball with center x and radius s. Usually Bs stands for Bs(0). For any
E ⊂ RN , we call Bs(E) =

⋃
x∈E Bs(x).

For any two Banach spaces B, B1, L(B,B1) denotes the Banach space of
bounded linear operators from B to B1 with the usual operator norm. The dual
of B, that is, L(B,R), is denoted by B′. For x′ ∈ B′ and x ∈ B, we denote with
〈x′, x〉B′,B the usual duality, that is, 〈x′, x〉B′,B = x′[x]. If there is no risk of
confusion, we omit the subscript B′, B. We call L(B) := L(B,B) and we denote
its identity operator by 1. If B ⊂ B1, we still call 1 the natural immersion. We
say that the immersion is continuous if 1 is a bounded linear operator from B
into B1, namely for some constant C we have

‖x‖B1
≤ C‖x‖B for any x ∈ B,
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and that it is compact if 1 is a compact linear operator from B into B1. We
note that B ⊂ B1 with continuous (respectively compact) immersion implies
that B′1 ⊂ B′ with continuous (respectively compact) immersion. Moreover, for
the same constant C we have

‖x′‖B′ ≤ C‖x′‖B′1 for any x′ ∈ B′1.

Finally, if B ⊂ B1 with continuous immersion, for some constant C, and B̃ ⊂ B̃1

with continuous immersion, for some constant C̃, then L(B1, B̃) ⊂ L(B, B̃1)
with continuous immersion, namely

‖L‖L(B,B̃1) ≤ CC̃‖L‖L(B1,B̃) for any L ∈ L(B1, B̃).

For any p, 1 ≤ p ≤ +∞, we denote with p′ its conjugate exponent, that is
1/p+ 1/p′ = 1.

For any M ∈ N, we call MM×M (R) the space of real valued M ×M matrices
and MM×M

sym (R) the subspace of real valued symmetric M ×M matrices. For

any A ∈ MM×M (R), ‖A‖ denotes its norm as a linear operator from RM into
itself, whereas ‖A‖M×M denotes the Euclidean norm in RM×M where A is seen
as a vector in this space. We note that

(2.1) ‖A‖ ≤ ‖A‖M×M ≤
√
M‖A‖ for any A ∈MM×M (R).

For any measure m and any measurable set E such that 0 < m(E) < +∞, 
E

f denotes the mean value of a function f over the set E, that is,

 
E

f =
1

m(E)

ˆ
E

f(x)dm(x).

Unless it is not clear from the context, we do not specify the measure with
respect to which the mean is taken. For any 1 ≤ p ≤ +∞, we call

Lp∗(E) =

{
f ∈ Lp(E) :

 
E

f = 0

}
.

We say that a subset of RN is a domain if it is open and connected.

2.1 Γ-convergence

Our convergence result is essentially based on Γ-convergence. Its applications to
the regularization of inverse problems, and in particular of Calderón problem,
goes back to [49]. We recall the definition and basic properties of Γ-convergence,
see [15] for a more detailed introduction.

Let (X, d) be a metric space. Then a sequence Fn : X → [−∞,+∞], n ∈ N,
Γ-converges as n → +∞ to a function F : X → [−∞,+∞] if for every x ∈ X
we have

for every sequence {xn}n∈N converging to x we have(2.2)

F (x) ≤ lim inf
n

Fn(xn);

there exists a sequence {xn}n∈N converging to x such that(2.3)

F (x) = lim
n
Fn(xn).
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The function F will be called the Γ-limit of the sequence {Fn}n∈N as n→ +∞
with respect to the metric d and we denote it by F = Γ-limn Fn. We recall that
condition (2.2) above is usually called the Γ-liminf inequality, whereas condition
(2.3) is usually referred to as the existence of a recovery sequence.

We say that the functionals Fn, n ∈ N, are equicoercive if there exists a
compact set K ⊂ X such that infK Fn = infX Fn for any n ∈ N.

The Fundamental Theorem of Γ-convergence is the following.

Theorem 2.1 Let (X, d) be a metric space and let Fn : X → [−∞,+∞], n ∈ N,
be a sequence of functions defined on X. If the functionals Fn, n ∈ N, are
equicoercive and F = Γ-limn Fn, then F admits a minimum over X and we
have

min
X

F = lim
n

inf
X
Fn.

Furthermore, if {xn}n∈N is a sequence of points in X which converges to a point
x ∈ X and satisfies limn Fn(xn) = limn infX Fn, then x is a minimum point for
F .

The definition of Γ-convergence may be extended in a natural way to families
depending on a continuous parameter. The family of functions Fε, defined for
every ε > 0, Γ-converges to a function F as ε→ 0+ if for every sequence {εn}n∈N
of positive numbers converging to 0 as n→ +∞, we have F = Γ-limn Fεn .

2.2 Conductivity tensors

Let Ω ⊂ RN be a domain. We say that A is a symmetric conductivity tensor in
Ω if A ∈ L∞(Ω,MN×N

sym (R)) and, for some constants 0 < λ0 ≤ λ1,

λ0‖ξ‖2 ≤ A(x)ξ · ξ ≤ λ1‖ξ‖2 for any ξ ∈ RNand for a.e. x ∈ Ω.

Such a property is in short written as

(2.4) λ0IN ≤ A(x) ≤ λ1IN for a.e. x ∈ Ω,

where IN denotes the N ×N identity matrix.
We say that a conductivity tensor σ is a scalar conductivity if A = σIN

where σ ∈ L∞(Ω) and satisfies, for some constants 0 < λ0 ≤ λ1,

(2.5) λ0 ≤ σ(x) ≤ λ1 for a.e. x ∈ Ω.

In this case, we often identify A with the scalar function σ.
For constants 0 < λ0 ≤ λ1, we call

M(λ0, λ1) = {A : A is a conductivity tensor satisfying (2.4)}

and

Mscal(λ0, λ1) = {A ∈M(λ0, λ1) : A is a scalar conductivity}
= {σ ∈ L∞(Ω) : σ satisfies (2.5)}.
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Since M(λ0, λ1) ⊂ L∞(Ω,MN×N
sym (R)), we measure the distance between

any two conductivity tensors A1 and A2 in Ω with an Lp metric, for any p,
1 ≤ p ≤ +∞, as follows

‖A1 −A2‖Lp(Ω,M) = ‖(‖A1 −A2‖)‖Lp(Ω),

where ‖A1 − A2‖(x) = ‖A1(x) − A2(x)‖ for any x ∈ Ω. Clearly, for scalar
conductivities Ai = σiIN , i = 1, 2, this reduces to the usual Lp(Ω) norm of
σ1−σ2. Let us note that for any of these Lp metrics, any of the classesM(λ0, λ1)
and Mscal(λ0, λ1) defined above is a complete metric space.

Let us here note that, analogously, for any F ∈ Lp(Ω,RN ), 1 ≤ p ≤ +∞, we
set

‖F‖Lp(Ω,RN ) = ‖(‖F‖)‖Lp(Ω),

where ‖F‖(x) = ‖F (x)‖ for any x ∈ Ω.

2.3 Properties of Lipschitz domains and of Sobolev spaces

We say that a domain Ω ⊂ RN has a Lipschitz boundary if for any x ∈ ∂Ω there
exist a neighbourhood Ux of x and a Lipschitz function ϕ : RN−1 → R such
that, up to a rigid change of coordinates, we have

Ω ∩ Ux = {y = (y1, . . . , yN−1, yN ) ∈ Ux : yN < ϕ(y1, . . . , yN−1)}.

We usually denote with ν the exterior unit normal to ∂Ω.
We say that a domain Ω ⊂ RN belongs to the class A(r, L,R) if Ω ⊂ BR

and its boundary is Lipschitz with constants r and L in the following sense. For
any x ∈ ∂Ω we can choose in the previous definition Ux = Br(x) and ϕ with
Lipschitz constant bounded by L.

Remark 2.2 For any bounded domain Ω with Lipschitz boundary, there exist
constants r, L and R such that Ω ∈ A(r, L,R).

Let Ω ⊂ RN be a domain belonging to the class A(r, L,R). First of all, we
note that there exist positive constants c̃1 and c̃2, depending on r, L and R only,
such that

(2.6) c̃1 ≤ |Ω|, HN−1(∂Ω) ≤ c̃2.

We say that u ∈ L1(Ω) is a function of bounded variation if its distributional
derivative Du is a vector valued Radon measure with finite total variation. We
call BV (Ω) = {u ∈ L1(Ω) : u is of bounded variation}, which is a Banach space
if equipped with the norm

‖u‖BV (Ω) = ‖u‖L1(Ω) + |u|BV (Ω)

where the BV -seminorm corresponds to the total variation of u, that is,

|u|BV (Ω) = TV (u) = |Du|(Ω).

It is important to note that | · |BV (Ω) is lower semicontinuous with respect to
convergence in L1(Ω) and that, provided Ω is a bounded Lipschitz domain, the
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immersion of BV (Ω) into L1(Ω) is compact, see [5, Theorem 3.23] for instance.
For more information on BV functions, we refer for instance to [24, 5].

In order to deal with conductivity tensors with BV regularity, we say that
A ∈ L1(Ω,MN×N (R)) belongs to BV (Ω,MN×N (R)) if each element of the ma-
trix, Aij for any i, j = 1, . . . , N , belongs to BV (Ω). BV (Ω,MN×N (R)) is a
Banach space if endowed with the norm

‖A‖BV (Ω,M) = ‖A‖L1(Ω,M) + |A|BV (Ω,M)

where the BV -seminorm is defined as follow

|A|BV (Ω,M) = ‖TV (A)‖.

where TV (A) is the matrix whose elements are (TV (A))ij = TV (Aij), for any
i, j = 1, . . . , N . We note that when A = σIN , then A ∈ BV (Ω,MN×N (R)) if
and only if σ ∈ BV (Ω) and

‖A‖BV (Ω,M) = ‖σ‖BV (Ω).

As before, one can show that | · |BV (Ω,M) is lower semicontinuous with respect to
convergence in L1(Ω,MN×N (R)) and that, provided Ω is a bounded Lipschitz
domain, the immersion of BV (Ω,MN×N (R)) into L1(Ω,MN×N (R)) is compact.

For the remaining part of this section we fix p, 1 ≤ p < +∞. We consider
the usual Sobolev space W 1,p(Ω) which we endow with the norm

‖u‖W 1,p(Ω) :=
(
‖u‖pLp(Ω) + ‖∇u‖p

Lp(Ω,RN )

)1/p

for any u ∈W 1,p(Ω).

Recall that W 1,1(Ω) ⊂ BV (Ω) and that for any u ∈ W 1,1(Ω) we have that
‖u‖W 1,1(Ω) = ‖u‖BV (Ω). For more information on Sobolev spaces, we refer for
instance to [2, 42].

We let W 1,p
0 (Ω) be the closure in W 1,p(Ω) of C∞0 (Ω). For these functions,

the Poincaré inequality holds, namely there exists a constant cP , depending on
p and R only, such that

(2.7) ‖u‖Lp(Ω) ≤ cP ‖∇u‖Lp(Ω,RN ) for any u ∈W 1,p
0 (Ω).

We define on W 1,p
0 (Ω) the norm

‖u‖W 1,p
0 (Ω) := ‖∇u‖Lp(Ω,RN ) for any u ∈W 1,p

0 (Ω).

Such a norm, on W 1,p
0 (Ω), is topologically equivalent to the usual W 1,p(Ω) norm,

since

‖u‖W 1,p
0 (Ω) ≤ (1 + cpP )1/p‖∇u‖Lp(Ω,RN ) for any u ∈W 1,p

0 (Ω).

For p > 1, we consider the Besov space B1−1/p,p(∂Ω) which is endowed with
the following norm. For any ϕ ∈ B1−1/p,p(∂Ω) we have

‖ϕ‖B1−1/p,p(∂Ω) =
(
‖ϕ‖pLp(∂Ω) + |ϕ|p

B1−1/p,p(∂Ω)

)1/p

where the B1−1/p,p seminorm is defined as

(2.8) |ϕ|B1−1/p,p(∂Ω) =

(ˆ
∂Ω

(ˆ
∂Ω

|ϕ(x)− ϕ(y)|p

|x− y|N+p−2
dHN−1(x)

)
dHN−1(y)

)1/p

.
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The following continuous and compact immersions hold, see for instance [2,
Theorem 7.57]. We consider the following cases

(2.9)


a) 1 < p < N and 1 ≤ q ≤ (N − 1)p

N − p
;

b) p = N and 1 ≤ q < +∞;
c) p > N and 1 ≤ q ≤ +∞.

Then there exists a constant cp,q, depending on p, q, r, L and R only, such that

(2.10) ‖ϕ‖Lq(∂Ω) ≤ cp,q‖ϕ‖B1−1/p,p(∂Ω) for any ϕ ∈ B1−1/p,p(∂Ω).

We also note that, in case a), immersion is compact for any 1 ≤ q < (N − 1)p

N − p
,

whereas, in cases b) and c), immersion is compact for any 1 ≤ q < +∞. In par-
ticular, for any 1 < p < +∞, B1−1/p,p(∂Ω) is compactly immersed in Lp(∂Ω).
The only novelty in this result is the fact that the constant cp,q in (2.10) depends
on Ω only through the geometric constants r, L and R. This fact can be deduced
by the estimates in [2, Theorem 7.57], via the geometric construction described
in the Appendix and the invariance of the norms involved through bi-Lipschitz
transformations.

We call TW 1,p(Ω) the space of traces of W 1,p(Ω) functions on ∂Ω. It is
well known that TW 1,p(Ω) ⊂ Lp(∂Ω). We call W 1,p

∗ (Ω) the set of functions in
W 1,p(Ω) whose trace has zero mean on ∂Ω, that is, whose trace belongs to

TW 1,p
∗ (Ω) := TW 1,p(Ω) ∩ Lp∗(∂Ω).

With the help of the Poincaré inequality (2.15), which we discuss below, for any
1 ≤ p < +∞ we define on W 1,p

∗ (Ω) the norm

‖u‖W 1,p
∗ (Ω) := ‖∇u‖Lp(Ω,RN ) for any u ∈W 1,p

∗ (Ω).

Such a norm is, on W 1,p
∗ (Ω), topologically equivalent to the usual W 1,p(Ω) norm,

since

‖u‖W 1,p
∗ (Ω) ≤ (1 + CpP )1/p‖∇u‖Lp(Ω,RN ) for any u ∈W 1,p

∗ (Ω).

We finally note that, for any u ∈ W 1,p(Ω), there exist u∗ ∈ W 1,p
∗ (Ω) and a

constant c such that u = u∗ + c. Such a decomposition is actually unique and

c =

 
∂Ω

u.

Any trace space will be endowed with the quotient norm, namely

‖ϕ‖TW 1,p(Ω) = inf
{
‖u‖W 1,p(Ω) : u ∈W 1,p(Ω) and u|∂Ω = ϕ

}
and

‖ϕ‖TW 1,p
∗ (Ω) = inf

{
‖u‖W 1,p

∗ (Ω) : u ∈W 1,p
∗ (Ω) and u|∂Ω = ϕ

}
.

Remark 2.3 For 1 < p < +∞, in both cases such an infimum is actually a
minimum.
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We state the following trace inequality and a characterization of the norm
of traces, a sketch of the proof may be found in the Appendix.

Theorem 2.4 Let Ω ∈ A(r, L,R). For any 1 ≤ p < +∞, there exists a constant
CT , depending on p, r, L and R only, such that the following holds.

If p > 1, then

(2.11) ‖u‖B1−1/p,p(∂Ω) ≤ CT ‖u‖W 1,p(Ω) for every u ∈W 1,p(Ω).

On the other hand, for any ϕ ∈ B1−1/p,p(∂Ω), there exists a function u ∈
W 1,p(Ω) such that u|∂Ω = ϕ and

(2.12) ‖u‖W 1,p(Ω) ≤ CT ‖ϕ‖B1−1/p,p(∂Ω).

When p = 1, we have

(2.13) ‖u‖L1(∂Ω) ≤ CT ‖u‖BV (Ω) for every u ∈ BV (Ω).

Clearly, this last formula still holds if we replace BV (Ω) with W 1,1(Ω). On the
other hand, for any ϕ ∈ L1(∂Ω), there exists a function u ∈ W 1,1(Ω) such that
u|∂Ω = ϕ and

(2.14) ‖u‖W 1,1(Ω) ≤ CT ‖ϕ‖L1(∂Ω).

Remark 2.5 We conclude that, for p = 1, TW 1,1(Ω) and L1(∂Ω) and, for
1 < p < +∞, TW 1,p(Ω) and B1−1/p,p(∂Ω) coincide and they have topologically
equivalent norms, since all immersions are continuous with constant CT .

It is also well-known that any bounded Lipschitz domain is an extension
domain. We just show that the norm of the extension operator depend on p, r,
L and R only. Also the proof of this result is sketched in the Appendix.

Theorem 2.6 Let Ω ∈ A(r, L,R). Then there exists a linear map S : BV (Ω)→
BV (RN ) such that, for any u ∈ BV (Ω), Su ≡ 0 outside BR+1 and Su = u in
Ω. Furthermore, we have that |D(Su)|(∂Ω) = 0 and there exists a constant CE,
depending on r, L and R only, such that, for any u ∈ BV (Ω),

‖Su‖BV (RN ) ≤ CE‖u‖BV (Ω).

Furthermore, for any 1 ≤ p < +∞, we have that if u ∈ W 1,p(Ω), then
Su ∈W 1,p(Ω) as well and there exists a constant CE, depending on r, L, R and
p only, such that

‖Su‖W 1,p(RN ) ≤ CE‖u‖W 1,p(Ω) for any u ∈W 1,p(Ω).

The following versions of the Poincaré inequality are useful.

Theorem 2.7 For any 1 ≤ p < +∞, there exist constants CP , C̃P and ĈP ,
depending on p, r, L and R only, such that, for any u ∈W 1,p(Ω), we have

(2.15)

∥∥∥∥u−  
∂Ω

u

∥∥∥∥
Lp(Ω)

≤ CP ‖∇u‖Lp(Ω,RN ),
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and

(2.16)

∥∥∥∥u−  
Ω

u

∥∥∥∥
Lp(Ω)

≤ C̃P ‖∇u‖Lp(Ω,RN ),

and, finally,

(2.17)

∥∥∥∥u−  
∂Ω

u

∥∥∥∥
Lp(∂Ω)

≤ ĈP ‖∇u‖Lp(Ω,RN ).

The proof of this result is an easy modification of the argument used to prove
[4, Proposition 3.2] where (2.16) and (2.17) are proved in the case p = 2. We
sketch the proof in the Appendix.

We call (W 1,p(Ω))′ the dual to W 1,p(Ω) and we call (W 1,p(Ω))′∗ the subspace
of F ∈ (W 1,p(Ω))′ such that

〈F, 1〉 = 0.

For any u ∈W 1,p(Ω), we have 〈F, u〉 = 〈F, u∗〉, hence

〈F, u〉 ≤ ‖F‖(W 1,p
∗ (Ω))′‖∇u‖Lp(Ω),

and (W 1,p(Ω))′∗ is endowed with the (W 1,p
∗ (Ω))′ norm.

We call (TW 1,p(Ω))′ the dual to TW 1,p(Ω). We call (TW 1,p(Ω))′∗ the sub-
space of g ∈ (TW 1,p(Ω))′ such that

〈g, 1〉 = 0.

For the same reason as before, we endow (TW 1,p(Ω))′∗ with the (TW 1,p
∗ (Ω))′

norm.
We note that (TW 1,p(Ω))′ is immersed in (W 1,p(Ω))′, with immersion con-

stant 1, if we identify any g ∈ (TW 1,p(Ω))′ with Fg ∈ (W 1,p(Ω))′ given by

(2.18) 〈Fg, u〉 = 〈g, u|∂Ω〉 for any u ∈W 1,p(Ω).

Analogously, (TW 1,p(Ω))′∗ is immersed in (W 1,p(Ω))′∗, with immersion constant
1.

For p = 1, (TW 1,1(Ω))′ can be identified with L∞(∂Ω) and (TW 1,1(Ω))′∗ can
be identified with L∞∗ (∂Ω), with norms which are equivalent for some constants
depending on r, L and R only.

For 1 < p < +∞, we note that Lq
′
(∂Ω) is continuously, and compactly

respectively, immersed in (TW 1,p(Ω))′ whenever TW 1,p(Ω) is continuously, and
compactly respectively, immersed in Lq(∂Ω). Continuous immersion holds for
all cases in (2.9), in particular, this is true for q = p, where compact immersion
holds. The immersion constants are exactly given by cp,qCT . In this case, any

g ∈ Lq′(∂Ω) is identified with the linear operator

(2.19) 〈g, ϕ〉 =

ˆ
∂Ω

gϕ for any ϕ ∈ TW 1,p(Ω).

We note that Lq
′

∗ (∂Ω) ⊂ (TW 1,p(Ω))′∗, with continuous or compact immersion,
for the same values of p and q as before.

When p = 2, we use following alternative notation: H1(Ω) = W 1,2(Ω),
H1

0 (Ω) = W 1,2
0 (Ω), H1/2(∂Ω) = TW 1,2(Ω), H−1/2(∂Ω) = (TW 1,2(Ω))′. We

also use H1
∗ (Ω), H

1/2
∗ (∂Ω), (H1(Ω))′∗ and H

−1/2
∗ (∂Ω) = (H1/2(∂Ω))′∗.
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2.4 Discretizations of the domain and corresponding finite
element spaces

Definition 2.8 We say that a bounded domain Ω ⊂ RN is polyhedral if Ω
coincides with the interior of Ω and its boundary is the finite union of cells, any
cell being the closure of an open connected subset of an (N − 1)-dimensional
hyperplane.

We use standard conforming piecewise linear finite elements, for which we
refer for instance to [14, Chapter 2]. Let, for the time being, Ω be just a bounded
domain of RN such that Ω coincides with the interior of Ω.

Definition 2.9 A finite set T of subsets of Ω is a triangulation of Ω if the
following holds

• Ω =
⋃
K∈T

K;

• each K ∈ T is a closed N -simplex which is nondegenerate, that is, it has
nonempty interior;

• the intersection of two different elements of T is either empty or consists
of a common face.

To any triangulation T of Ω, we can associate the following finite element
space XT given by

XT = {v ∈ C(Ω) : v|K ∈ P1(K) for any K ∈ T }

where P1(K) is the space of polynomials of order at most 1 restricted to K.
By [14, Theorem 2.2.3] we have that XT ⊂ C(Ω) ∩H1(Ω). It is also clear that
XT0 = {v ∈ XT : v|∂Ω = 0} is contained in H1

0 (Ω).
For any K ∈ T we call

hK = diam(K) and ρK = sup{diam(B) : B is a ball contained in K}.

We say that T is a regular triangulation of Ω with positive constants s and h if

(2.20) hK ≤ h and hK ≤ sρK for any K ∈ T .

Since for any ball B we have |B| = |B1|(diam(B)/2)N , we have, for any
K ∈ T ,

hNK ≤ sNρNK and |B1|
(ρK

2

)N
≤ |K| ≤ |B1|hNK .

It is also important to note that T induces an (N − 1) dimensional trian-
gulation T |∂Ω of the boundary ∂Ω. Furthermore, for any s > 0 there exists
s̃ > 0, depending on s and N only, such that if T is a regular triangulation of
Ω with positive constants s and h, then T |∂Ω is a regular triangulation of ∂Ω
with positive constants s̃ and h.

We call ΠT the associated interpolation operator defined on C(Ω). The fol-
lowing estimate is an immediate consequence of [14, Theorem 3.1.6].
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Theorem 2.10 Let T be a regular triangulation of Ω with positive constants s
and h.

Let us consider a real number q such that q > N/2. Then there exists a
constant C̃(q), depending on q only, such that for any u ∈W 2,q(Ω) we have

(2.21) ‖u−ΠT u‖Lq(Ω) ≤ C̃(q)h2‖D2u‖Lq(Ω,M) and

‖∇(u−ΠT u)‖Lq(Ω,RN ) ≤ C̃(q)sh‖D2u‖Lq(Ω,M).

Definition 2.11 We say that a bounded domain Ω, such that Ω coincides with
the interior of Ω, is discretizable with constant s > 0 if for any h ∈ (0, 1] there
exists a regular triangulation Th of Ω with constants s and h. We call Xh = XTh

and Πh = ΠTh , for any h ∈ (0, 1].

Remark 2.12 If Ω is a bounded domain such that Ω coincides with the interior
of Ω and Ω admits a triangulation, then Ω must be polyhedral. On the other
hand, for any bounded domain Ω which is polyhedral, there exists a constant
s > 0, depending on Ω, such that Ω is discretizable with constant s. Clearly
the dependence on s from Ω is rather involved and finding the best possible
constant might not be an easy task. In any case, the sketch of the proof of this
claim is the following.

It is well-known that any convex polytope admits a triangulation. This can
be proved by induction. For N = 2, just take an interior point and connect it
with the vertices. For a convex polytope of dimension N , assume that we have
a triangulation of its boundary. Then we take an interior point and connect
it with the vertices of the triangulation of the boundary. We note that the
faces of a convex polytope are, in turn, convex polytopes of their corresponding
dimensions. Hence we argue in the following way. We start by a triangulation
of all 2 dimensional faces, with the technique introduced before. Then we move
on by constructing a triangulation of 3 dimensional faces, until we obtain a
triangulation of the N -dimensional polytope.

By taking all hyperplanes containing one of the cells forming the boundary
of Ω, we can decompose Ω in the union of a finite number of convex polytopes.
Intersection of two of these polytopes is through a common face only. A little care
is needed to obtain a triangulation of Ω through suitable triangulations of these
convex polytopes. As before, we begin by triangulating all 2-dimensional faces
of this collection of polytopes. We then proceed to triangulate all 3-dimensional
faces by choosing one of their interior points and using the previous triangulation
of their boundaries. If we proceed iteratively in this way, when we reach the
dimension N , we indeed obtain a regular triangulation T0, with some positive
constants s0 and h0, of Ω. We assume that actually h0 is reached for some
K0 ∈ T0.

Let us consider such an initial triangulation T0. We can subdivide any of its
N -simplices into 2N simplices with same N -dimensional measure by the pro-
cedure given in [17, 18]. Again, some care is needed to obtain a new global
triangulation of Ω, but this can be done by following, for instance, [25, The-
orem 3.6]. We call T1 this new triangulation. We iterate this construction to
obtain a sequence of triangulations {Tn}n≥0. By using the results in [17, 18], it
can be shown that there exists a constant s, 0 < s ≤ s0, such that for any n ≥ 0
we have that

hK ≤ sρK for any K ∈ Tn.
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Let us call, for any n ≥ 0,

hn = max{hK : K ∈ Tn} and h̃n = min{hK : K ∈ Tn}.

Then

|B1|

(
h̃0

2s

)N
≤ |K| ≤ |B1|hN0 for any K ∈ T0,

therefore, for any n ≥ 1

|B1|

(
h̃0

2n+1s

)N
≤ |K| ≤ |B1|

(
h0

2n

)N
for any K ∈ Tn.

We conclude that, for any n ≥ 1,

(2.22)
1

2s

h̃0

2n
≤ h̃n ≤ hn ≤ 2s

h0

2n
.

The proof of the claim can therefore be easily concluded. We finally note that
the same argument can be applied to (Tn)|∂Ω, where s is replaced by s̃, and
completely analogous estimates hold with N replaced by N − 1.

We just recall the following classical result, which is usually known as Céa’s
Lemma.

Theorem 2.13 Let H∗ be a Hilbert space and X∗ be a closed subspace of H∗.
Let b : H∗ ×H∗ be a bilinear symmetric form which is coercive and continuous,
that is, for some constants 0 < c1 ≤ c2 and any u, w ∈ H∗

b(u,w) ≤ c2‖u‖H∗‖w‖H∗ and b(u, u) ≥ c1‖u‖2H∗ .

Let F ∈ (H∗)
′ and let u ∈ H∗ and uX ∈ X∗ solve, respectively,

b(u,w) = F [w] for any w ∈ H∗

and
b(uX , w) = F [w] for any w ∈ X∗.

Then

(2.23) ‖u− uX‖H∗ ≤
√
c2
c1

inf{‖u− v‖H∗ : v ∈ X∗}.

2.5 The continuum models

Let Ω ⊂ RN belong to A(r, L,R) and let A be a symmetric conductivity tensor
in Ω belonging to M(λ0, λ1). In order to consider discretized version of bound-
ary value problems, we also consider X which is a closed subspace of H1(Ω)
containing the constant functions. Usually X will be taken as the finite element
space XT corresponding to a triangulation T of Ω. For such subspace X, we call
X∗ = X ∩H1

∗ (Ω) and X0 = X ∩H1
0 (Ω). We have that X is endowed with the

H1(Ω) norm, whereas X∗ and X0 are endowed with the H1
∗ (Ω) and H1

0 (Ω) norm,
respectively. Analogously, we define TX and TX∗ as the corresponding trace
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spaces, with the usual quotient norm. The dual to X is X ′, whereas X ′∗ is the
subspace of X ′ consisting of functional which are zero on constants. The space
X ′∗ is endowed with the (X∗)

′ norm. The dual to TX is (TX)′, whereas (TX)′∗
is the subspace of (TX)′ consisting of functional which are zero on constants.
The space (TX)′∗ is endowed with the (TX∗)

′ norm.

Remark 2.14 For any u ∈ TX, we have that u ∈ H1/2(∂Ω) and

‖u‖H1/2(∂Ω) ≤ ‖u‖TX for any u ∈ TX.

Correspondingly, for any g ∈ H−1/2(∂Ω), we have that g ∈ (TX)′ and

‖g‖(TX)′ ≤ ‖g‖H−1/2(∂Ω) for any g ∈ H−1/2(∂Ω).

The same properties and inequalities apply to the corresponding zero mean
spaces as well.

Whether reserve inequalities holds and, if this is the case, with which con-
stants, that could strongly depend on X.

We consider the bilinear form

bA(u, v) :=

ˆ
Ω

A∇u · ∇v for any u, v ∈ H1(Ω).

It is immediate to show that such a form is symmetric and continuous on
H1(Ω)×H1(Ω). In fact, for any u, v ∈ H1(Ω), we have

ˆ
Ω

A∇u · ∇v ≤ λ1‖∇u‖L2(Ω,RN )‖∇v‖L2(Ω,RN )

and

λ0‖∇u‖2L2(Ω,RN ) ≤
ˆ

Ω

A∇u · ∇u.

Therefore, for any X, such a form is coercive both on X∗ and X0.

Dirichlet problems and Dirichlet-to-Neumann maps

For any ϕ ∈ X and any F ∈ (H1(Ω))′, let u = u(F,ϕ) ∈ X be such that
u− ϕ ∈ X0 and

ˆ
Ω

A∇u · ∇w = F [w] for any w ∈ X0.

We have that such a u exists and is unique, since u− ϕ satisfies
ˆ

Ω

A∇(u− ϕ) · ∇w = F (w)−
ˆ

Ω

A∇ϕ · ∇w for any w ∈ X0.

We conclude that

λ0‖u− ϕ‖2X0
≤ ‖F‖(H1(Ω))′‖u− ϕ‖X + λ1‖∇ϕ‖L2(Ω,RN )‖u− ϕ‖X0

hence

‖u− ϕ‖X0
≤ 1

λ0

(
(1 + c2P )1/2‖F‖(H1(Ω))′ + λ1‖∇ϕ‖L2(Ω,RN )

)
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and, finally,

‖∇u‖L2(Ω,RN ) ≤
1

λ0

(
(1 + c2P )1/2‖F‖(H1(Ω))′ + (λ1 + λ0)‖∇ϕ‖L2(Ω,RN )

)
and

‖u‖X ≤ ‖ϕ‖X +
(1 + c2P )1/2

λ0

(
(1 + c2P )1/2‖F‖(H1(Ω))′ + λ1‖∇ϕ‖L2(Ω,RN )

)
.

It would be enough to consider F ∈ (X0)′ and one can replace in the last three
inequalities (1 + c2P )1/2‖F‖(H1(Ω))′ with ‖F‖(X0)′ .

When X = H1(Ω), then u is the weak solution to

(2.24)

{
−div(A∇u) = F in Ω
u = ϕ on ∂Ω.

When F = 0, let u(ϕ) = u(0, ϕ) and let us denote ΛX(A) : TX → (TX)′ be
the linear operator such that, for any ϕ, ψ ∈ TX,

〈ΛX(A)[ϕ], ψ〉TX′,TX =

ˆ
Ω

A∇u(ϕ) · ∇w,

with w ∈ X such that w|∂Ω = ψ. In fact, for any ϕ0 ∈ X0 and any w0 ∈ X0, we
have ˆ

Ω

A∇u(ϕ) · ∇w =

ˆ
Ω

A∇u(ϕ+ ϕ0) · ∇(w + w0).

We note that ΛX(A) is actually a map from TX into (TX)′∗. The norm of
ΛX(A) can be estimated as follows

‖ΛX(A)‖L(TX,(TX)′) ≤ ‖ΛX(A)‖L(TX,(TX)′∗)

≤ ‖ΛX(A)‖L(TX∗,(TX)′∗)
≤ λ1

λ0
(λ1 + λ0).

When X = H1(Ω), we call Λ(A) = ΛH1(Ω)(A) : H1/2(∂Ω) → H
−1/2
∗ (∂Ω)

which is the so-called Dirichlet-to-Neumann map associated to the conductivity
A. In fact, for any Dirichlet datum ϕ ∈ H1/2(∂Ω), Λ(A)[ϕ] formally corresponds
to A∇u · ν on ∂Ω, which is the Neumann datum of u = u(ϕ). We call

‖Λ(A)‖nat := ‖Λ(A)‖L(H
1/2
∗ (∂Ω),H

−1/2
∗ (∂Ω))

the natural norm on Dirichlet-to-Neumann maps.

Neumann problems and Neumann-to-Dirichlet maps

For any F ∈ (H1(Ω))′∗, let v = v(F ) ∈ X∗ be such that

(2.25)

ˆ
Ω

A∇v · ∇w = F [w] for any w ∈ X.

We have that such a v exists and it is unique. We note that

‖v‖X∗ ≤
1

λ0
(1 + C2

P )1/2‖F‖(H1(Ω))′ .
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It would be enough to consider F ∈ X ′∗ and one can replace in the previous
formula (1 + C2

P )1/2‖F‖(H1(Ω))′ with ‖F‖X′∗ .
When X = H1(Ω), then v = v(F ) is the weak solution to

(2.26)

{
−div(A∇v) = F in Ω
A∇v · ν = 0 on ∂Ω.

Let us now consider g ∈ (TX)′∗ and let us define Fg ∈ X ′∗ analogously as

in (2.18). One can choose, for instance, g ∈ H−1/2
∗ (∂Ω) and in this case Fg ∈

(H1(Ω))′∗. Let v(g) = v(Fg) and let us consider the map NX(A) : (TX)′∗ → TX∗
such that

NX(g) = v(g)|∂Ω for any g ∈ (TX)′∗.

We immediately note that NX(A) is a linear bounded operator and that

NX(A)L((TX)′∗,TX∗)
≤ 1

λ0
.

We also have that NX(A) is the inverse of ΛX(A)|TX∗ .
Since TX∗ is continuously immersed in H

1/2
∗ (∂Ω) with constant 1, thus in

L2
∗(∂Ω) with constant ĈP as in (2.17), we have that

(2.27) ‖NX‖L(L2
∗(∂Ω),H

1/2
∗ (∂Ω))

≤ ĈP
λ0

and ‖NX‖L(H
−1/2
∗ (∂Ω),L2

∗(∂Ω),)
≤ ĈP

λ0

and

(2.28) ‖NX‖L(L2
∗(∂Ω)) ≤

Ĉ2
P

λ0
.

When X = H1(Ω), we call N (A) = NH1(Ω)(A) : H
−1/2
∗ (∂Ω) → H

1/2
∗ (∂Ω)

which is the so-called Neumann-to-Dirichlet map associated to the conductivity

A. In fact, for any Neumann datum g ∈ H−1/2
∗ (∂Ω), N (A)[ϕ] is the correspond-

ing Dirichlet datum of the solution v = v(g). We call

‖N (A)‖nat := ‖N (A)‖L(H
−1/2
∗ (∂Ω),H

1/2
∗ (∂Ω))

the natural norm on Neumann-to-Dirichlet maps. However, as we shall see, for
the Neumann-to-Dirichlet map is much more convenient to adopt what we call
the L2-L2-norm, that is

(2.29) ‖N (A)‖L2-L2 := ‖N (A)‖L(L2
∗(∂Ω)).

We have that
‖N (A)‖L2-L2 ≤ Ĉ2

P ‖N (A)‖nat.

On the other hand, since L2
∗(∂Ω) is dense in H

−1/2
∗ (∂Ω), we have that, for

any two conductivity tensors in Ω, ‖N (A1) − N (A2)‖L2-L2 = 0 if and only
if ‖N (A1) − N (A2)‖nat = 0 which is equivalent to ‖Λ(A1) − Λ(A2)‖nat = 0.
Hence, from the point of view of uniqueness of the inverse problem, the use of
the Dirichlet-to-Neumann map or the Neumann-to-Dirichlet map, even when
restricted to L2

∗(∂Ω), is completely equivalent. From the point of view of sta-
bility, if we use natural norms, the use of the Dirichlet-to-Neumann map or
the Neumann-to-Dirichlet map is completely equivalent, as shown in the next
remark.
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Remark 2.15 We have that

Λ(A1)− Λ(A2) = Λ(A1)(N (A2)−N (A1))Λ(A2)

and
N (A1)−N (A2) = N (A1)(Λ(A2)− Λ(A1))N (A2).

Therefore, for a constant C ≥ 1 depending on r, L, R, λ0 and λ1 only, we have

1

C
‖N (A1)−N (A2)‖nat ≤ ‖Λ(A1)− Λ(A2)‖nat ≤ C‖N (A1)−N (A2)‖nat.

We conclude this part with the following important result, which is essen-
tially due to Meyers, [45]. The extension of Meyers result to Neumann problems
is in [22]. Here we recall these classsical results, the only difference is that we, as
usual, specify the dependence of involved constants on Ω through the geometric
constants characterizing it. We postpone the proof to the Appendix.

Theorem 2.16 Let Ω ∈ A(r, L,R) and let A ∈M(λ0, λ1). Then there exists a
constant Q1 > 2, depending on r, L, R, λ0 and λ1 only, such that for any p,
2 ≤ p ≤ Q1, the following holds.

There exists a constant D̃, depending on r, L, R, λ0, λ1 and p only, such
that for any ϕ ∈W 1,p(Ω) and F ∈ (W 1,p

0 (Ω))′ we have for u solution to (2.24)

(2.30) ‖u‖W 1,p(Ω) ≤ D̃(‖ϕ‖W 1,p(Ω) + ‖F‖(W 1,p
0 (Ω))′)

and for any F ∈ (W 1,p(Ω))′∗ we have for v solution to (2.26)

(2.31) ‖v‖W 1,p(Ω) ≤ D̃‖F‖(W 1,p(Ω))′∗
.

As already pointed out in [49, 50], an important consequence is the following.
Under the assumptions of Theorem 2.16, for any p, 2 ≤ p ≤ Q1, let q, 2 < q ≤
+∞, be such that

(2.32)
1

q
+

1

p
+

1

2
= 1.

Then there exists a constant D̃1, depending on r, L, R, λ0, λ1 and p only, such
that the following holds.

For any A1, A2 ∈M(λ0, λ1), any ϕ ∈W 1,p(Ω) and F ∈ (W 1,p
0 (Ω))′, we have

(2.33) ‖u1 − u2‖H1(Ω) ≤ D̃1

(
‖ϕ‖W 1,p(Ω) + ‖F‖(W 1,p

0 Ω))′

)
‖A1 −A2‖Lq(Ω),

where ui, i = 1, 2, is the solution to (2.24) with A replaced by Ai, and, for any
F ∈ (W 1,p(Ω))′∗ we have

(2.34) ‖v1 − v2‖H1(Ω) ≤ D̃1‖F‖(W 1,p(Ω))′∗
‖A1 −A2‖Lq(Ω),

where vi, i = 1, 2, is the solution to (2.26) with A replaced by Ai.
We easily note that in both previous inequalities, (2.33) and (2.34), if 2 < p ≤

Q1 then q < +∞ and we can replace ‖A1−A2‖Lq(Ω) by (2λ1)1−β‖A1−A2‖βL1(Ω)

where β = 1/q, hence

(2.35) β = 1− 1

p
− 1

2
=

1

2
− 1

p
=
p− 2

2p
.
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Finally, picking p = Q1, for any g ∈ L2
∗(∂Ω), we have that Fg ∈ (W 1,Q1Ω))′∗

and
‖Fg‖(W 1,Q1Ω))′∗

≤ C(Q1)‖g‖L2
∗(∂Ω) for any g ∈ L2

∗(∂Ω).

Here C(Q1) depends on Q1, r, L and R only. Therefore, we conclude that

(2.36) ‖v1 − v2‖L2
∗(∂Ω) ≤ CT (1 + C2

P )1/2‖v1 − v2‖H1/2
∗ (∂Ω)

≤ CT (1 + C2
P )1/2‖v1 − v2‖H1(Ω)

≤ CT (1 + C2
P )1/2D̃1C(Q1)(2λ1)1−β1‖g‖L2

∗(∂Ω)‖A1 −A2‖β1

L1(Ω).

where

(2.37) β1 =
1

2
− 1

Q1
=
Q1 − 2

2Q1
.

Therefore we can easily deduce the following Lipschitz and Hölder continuity
results.

Theorem 2.17 Let Ω ∈ A(r, L,R). Let us consider two conductivity tensors
A1 and A2 ∈M(λ0, λ1).

We have the following continuity properties. First, Λ and N are Lipschitz
continuous with respect to the L∞(Ω) norm on M(λ0, λ1) and the natural op-
erator norms, that is

‖Λ(A1)− Λ(A2)‖L(H
1/2
∗ (∂Ω),H

−1/2
∗ (∂Ω))

≤ C‖A1 −A2‖L∞(Ω)

and
‖N (A1)−N (A2)‖L(H

−1/2
∗ (∂Ω),H

1/2
∗ (∂Ω))

≤ C‖A1 −A2‖L∞(Ω)

where C depends on r, L, R, λ0 and λ1 only.
Then, Λ and N are Hölder continuous with respect to the L1(Ω) norm on

M(λ0, λ1) and the following norms. Fixed p, 2 < p ≤ Q1,

‖Λ(A1)− Λ(A2)‖L(TW 1,p
∗ (∂Ω),H

−1/2
∗ (∂Ω))

≤ C‖A1 −A2‖βL1(Ω)

and
‖N (A1)−N (A2)‖L((TW 1,p(∂Ω))′∗,H

1/2
∗ (∂Ω))

≤ C‖A1 −A2‖βL1(Ω)

where C depends on r, L, R, λ0, λ1 and p only, whereas β is given in (2.35),
thus it depends on p only.

In particular, choosing p = Q1, we have for the L2-L2 norm

‖N (A1)−N (A2)‖L((L2
∗(∂Ω),L2

∗(∂Ω))

≤ CT (1 + C2
P )1/2‖N (A1)−N (A2)‖L((L2

∗(∂Ω),H
1/2
∗ (∂Ω))

≤ CT (1 + C2
P )1/2D̃1C(Q1)(2λ1)1−β1‖A1 −A2‖β1

L1(Ω,MN×N (R))
.

Here all constants depend on r, L, R, λ0 and λ1 only, whereas β1 is given in
(2.37), thus it also depends on r, L, R, λ0 and λ1 only.
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3 Experimental measurements (Complete Elec-
trode Model)

In order to discretize the measurements, we use the so-called experimental mea-
surements, which have been introduced in [53]. These measurements, also known
as the Complete Electrode Model or CEM, correspond to the actual data one
can obtain from the experiments. These discrete data are encoded into a matrix,
called the resistance matrix, which depends on the conductivity tensor.

There are strict and important relationships between Neumann-to-Dirichlet
maps and resistance matrices. On the one hand, the error on the Neumann-
to-Dirichlet maps, with respect to the L2-L2 norm, controls the error on the
resistance matrices. This is essentially proved in [50], here we just make the es-
timate more precise, see Subsection 3.1. On the other hand, provided we position
the electrodes in a suitable way and we increase its number, the corresponding
resistance matrices approximate the continuum measurements of the Neumann-
to-Dirichlet map. Such a result has been proved in [28, 29, 40], and is just slightly
generalized in Subsection 3.2.

We describe the CEM, for more details we refer to [53]. Let Ω ∈ A(r, L,R)
and let A be a symmetric conductivity tensor in Ω belonging to M(λ0, λ1).

We apply on the boundary of the conductor M electrodes, em, m being
here and in what follows an index such that m = 1, . . . ,M . The electrodes
are identified with their contact regions, that is, with subsets of ∂Ω. These
subsets em are open and nonempty and pairwise disjoint. Further hypotheses
on the electrodes will be introduced when needed. A current is sent to the body
through the electrodes and the corresponding voltages are measured on the
same electrodes. The current applied to the electrode em is denoted by Im and
the voltage measured on the electrode is denoted by Vm. The current pattern
is given by the column vector I ∈ RM whose components are Im. I has to
satisfy the compatibility condition

∑M
m=1 Im = 0. The corresponding voltage

pattern, the column vector V ∈ RM whose components are Vm, is determined
up to an additive constant and we always choose to normalize it in such a way
that

∑M
m=1 Vm = 0. The voltage pattern depends on the current pattern in a

linear way, that is, V = RI where R = R(A) ∈ MM×M
sym (R) is the resistance

matrix. Without loss of generality we assume that R[1] = 0, where [1] denotes
the column vector whose components are all equal to 1.

The contact between each electrode em and the boundary is described by a
surface impedance zm. For any m, we assume zm to be constant and such that

(3.1) Z1 ≤ zm ≤ Z2,

for 0 < Z1 < Z2 given constants which we assume to be independent on the size
of the electrodes.

We call e the union of all electrodes, that is,

(3.2) e :=

M⋃
m=1

em.

Important geometric quantities related to the electrodes are the following

(3.3) δ := max
m=1,...,M

diam(em)
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and

(3.4) µ :=

max
m=1,...,M

{HN−1(em)}

min
m=1,...,M

{HN−1(em)}
.

If the current pattern I is applied on the electrodes, then the voltage u inside
Ω is the solution to the following boundary value problem

(3.5)


−div(A∇u) = 0 in Ω,
u+ zmA∇u · ν = Um on em, m = 1, . . . ,M,

A∇u · ν = 0 on ∂Ω\
⋃M
m=1 em,´

em
A∇u · ν = Im for any m = 1, . . . ,M,

where Um are constants to be determined. We call U ∈ RM the column vector
whose components are Um.

For any m we have Vm =
´
em
u, thus, by (3.5),

Vm = HN−1(em)Um − zmIm.

By [53, Theorem 3.3], there exists a unique pair (u, U) ∈ H1(Ω) × RM ,

satisfying
∑M
m=1

(
HN−1(em)Um − zmIm

)
= 0, such that (3.5) is satisfied. Thus

the current pattern I uniquely determines the voltage pattern V with the given
normalization. Furthermore, it has been also proved in [53] that the relation
between I and V is linear, thus the resistance matrix R(A) is well defined, and
that R(A) is symmetric. In what follows, the fact that R(A) is symmetric will
not play a significant role.

We recall the argument, because in the sequel we need some precise esti-
mates.

We need to consider the discretized version of the problem for the CEM, thus
we consider all estimates also for any X, X being a closed subspace of H1(Ω)
containing the constants. Then we call H = X × RM and H∗ = X∗ × RM . For
any (u, U), (w,W ) ∈ H, we let

BA((u, U), (w,W )) =

ˆ
Ω

A∇u · ∇w +

M∑
m=1

1

zm

ˆ
em

(Um − u)(Wm − w).

We prove that BA is a continuous bilinear form on H×H and that it is coercive
on H∗ ×H∗. In fact,

BA((u, U), (w,W )) ≤ λ1‖∇u‖L2(Ω,RN )‖∇v‖L2(Ω,RN )

+
1

Z1

M∑
m=1

(ˆ
em

(Um − u)2

)1/2(ˆ
em

(Wm − w)2

)1/2

.

By Cauchy-Schwarz inequality,

M∑
m=1

(ˆ
em

(Um − u)2

)1/2(ˆ
em

(Wm − w)2

)1/2

≤

(
M∑
m=1

ˆ
em

(Um − u)2

)1/2( M∑
m=1

ˆ
em

(Wm − w)2

)1/2

.
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We note that

M∑
m=1

ˆ
em

(Um − u)2 ≤ 2

M∑
m=1

(ˆ
em

u2 +HN−1(em)|Um|2
)

≤ 2

(
‖u‖2L2(∂Ω) + max

m=1,...,M
{HN−1(em)}‖U‖2RM

)
≤ 2 max{C2

T ,HN−1(∂Ω)}
(
‖u‖2H1(Ω) + ‖U‖2RM

)
= 2 max{C2

T ,HN−1(∂Ω)}‖(u, U)‖2H .

We conclude that for any (u, U) and (w,W ) in H we have

BA((u, U), (w,W )) ≤ C1‖(u, U)‖H‖(w,W )‖H

where

C1 = λ1 +
2 max{C2

T ,HN−1(∂Ω)}
Z1

.

On the other hand, let u ∈ H∗. Then
ˆ

Ω

A∇u · ∇u ≥ λ0‖∇u‖2L2(Ω,RN ) ≥
λ0

1 + C2
P

‖u‖2H1(Ω).

We take half of the right-hand side and note that
ˆ

Ω

A∇u · ∇u ≥ λ0

2(1 + C2
P )
‖u‖2H1(Ω) +

λ0

2C2
T (1 + C2

P )
‖u‖2L2(∂Ω).

The second term of the bilinear form can be estimated as follows

M∑
m=1

1

zm

ˆ
em

(Um − u)2 ≥ 1

Z2

M∑
m=1

(ˆ
em

u2 +HN−1(em)|Um|2 − 2Um

ˆ
em

u

)
.

But for any ε > 0 we have

2Um

ˆ
em

u ≤ εHN−1(em)|Um|2 +
1

ε

ˆ
em

u2,

therefore, if we pick ε, 0 < ε < 1 such that

1

ε
= 1 +

λ0Z2

2C2
T (1 + C2

P )
,

then

BA((u, U), (u, U)) ≥ λ0

2(1 + C2
P )
‖u‖2H1(Ω) +

1− ε
Z2

min
m=1,...,M

{HN−1(em)}‖U‖2RM .

Hence, for any (u, U) ∈ H∗ we have

BA((u, U), (w,W )) ≥ C2‖(u, U)‖2H

where

(3.6) C2 = min

{
λ0

2(1 + C2
P )
,

1− ε
Z2

min
m=1,...,M

{HN−1(em)}
}
.
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Then, for any g ∈ H−1/2
∗ (∂Ω), or g ∈ (TX)′∗, and any I ∈ RM such that∑M

m=1 Im = 0, by using the Lax-Milgram Theorem in H∗, there exists a unique
pair (u∗, U∗) ∈ H∗ satisfying, for any (w,W ) ∈ H∗,

BA((u∗, U∗), (w,W )) = 〈g, w|∂Ω〉+

M∑
m=1

ImWm.

By the properties of g and I, the previous formula actually holds for any
(w,W ) ∈ H and, if (u, U) ∈ H satisfies

(3.7) BA((u, U), (w,W )) = 〈g, w|∂Ω〉+

M∑
m=1

ImWm for any (w,W ) ∈ H,

then we have, for some constant c, u = u∗ + c and Um = (U∗)m + c for any m.
Let (u, U) ∈ H∗ solve (3.7). Then

‖(u, U)‖2H∗ ≤
1

C2
BA((u, U), (u, U))

≤ 1

C2

(
‖g‖

H
−1/2
∗ (∂Ω)

‖∇u‖L2(Ω,RN ) + ‖I‖RM ‖U‖RM
)

hence

(3.8) ‖∇u‖L2(Ω,RN ) ≤ ‖(u, U)‖H∗ ≤
1

C2

(
‖g‖2

H
−1/2
∗ (∂Ω)

+ ‖I‖2RM
)1/2

.

Since λ0‖∇u‖2L2(Ω,RN ) ≤ BA((u, U), (u, U)), when I = 0, we have that

(3.9) ‖∇u‖L2(Ω,RN ) ≤
1

λ0
‖g‖

H
−1/2
∗ (∂Ω)

.

In the last two formulas, if g ∈ (TX)′∗, we can replace the H
−1/2
∗ (∂Ω) norm

with the (TX)′∗ norm.
We note that if (u, U) ∈ H solves (3.7), then, by choosing W = 0, we have

(3.10)

ˆ
Ω

A∇u · ∇w = 0 for any w ∈ X0,

which, when X = H1(Ω), reads as

(3.11) −div(A∇u) = 0 in Ω.

We recall that ΛX(A) and NX(A) are the Dirichlet-to-Neumann map and
the Neumann-to-Dirichlet map associated to A and to the subspace X. Then
(u, U) ∈ H∗ solves (3.7) if and only if u satisfies (3.10), we have

(3.12) HN−1(em)Um = zmIm +

ˆ
em

u, for any m = 1, . . . ,M,

and the following equation holds in (TX)′∗ for φ = ΛX(A)[u|∂Ω]

(3.13) φ+

M∑
m=1

1

zm

(
NX(A)[φ]− 1

HN−1(em)

ˆ
em

NX(A)[φ]

)
χem =

g +

M∑
m=1

(
Im

HN−1(em)
χem

)
.

26



As pointed out in [53], when X = H1(Ω) we have that (u, U) solves our
direct problem (3.5) for a given current pattern I, that is I ∈ RM such that∑M
m=1 Im = 0, if and only if (3.7) is satisfied with g = 0. Therefore, we can

define the following matrix RX(A) such that RX(A)I = V where, for any m =
1, . . . ,M ,

(3.14) Vm =

ˆ
em

u+ cHN−1(em),

where (u, U) solves (3.7) and c is a constant which can be computed by imposing

the condition that
∑M
m=1 Vm = 0, that is,

(3.15) c = −
∑M
m=1

´
em
u∑M

m=1HN−1(em)
.

The matrix RX(A) is then completed by setting RX [1] = 0.
When X = H1(Ω), we call R(A) = RH1(Ω)(A) the resistance matrix associ-

ated to A. Such a matrix corresponds to the experimental measurements that
can be performed in practice.

3.1 Estimating the resistance matrix by the Neumann-to-
Dirichlet map

In this subsection we mainly follow [50]. We consider two alternative ways of
computing Vm in (3.14), which are suited to estimate the resistance matrix and
its approximation of the Neumann-to-Dirichlet map.

In order to compare the discrete measurements of the resistance matrix with
the continuum measurements of the Neumann-to-Dirichlet maps, we need to
introduce the following spaces and projection operators. We call

PC :=

{
Ĩ =

M∑
m=1

Im
HN−1(em)

χem : I ∈ RM
}

the set of functions which are constant on each electrode and zero elsewhere. We
endow PC with the L2(∂Ω) norm. It is clear that any Ĩ ∈ PC can be identified
with a vector in RM through the following linear map Φ : RM → PC such that

Φ(I) = Ĩ =

M∑
m=1

Im
HN−1(em)

χem for any I ∈ RM .

We call

RM∗ =

{
I ∈ RM :

M∑
m=1

Im = 0

}
which is the set where our discrete current densities are taken from. We note that
Φ is a bijection from RM into PC as well as from RM∗ into PC∗ := PC∩L2

∗(∂Ω).
In particular, for any I ∈ RM ,

(3.16) ‖Φ(I)‖L2(∂Ω) = ‖Ĩ‖L2(∂Ω) =

(
M∑
m=1

I2
m

HN−1(em)

)1/2

≤
(

min
m=1,...,M

{HN−1(em)}
)−1/2

‖I‖.
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and, for any Ĩ ∈ PC, since Im =
´
em
Ĩ,

(3.17) ‖I‖ = ‖Φ−1(Ĩ)‖ ≤
(

max
m=1,...,M

{HN−1(em)}
)1/2

‖Ĩ‖L2(∂Ω).

To any M×M matrix R, which can be seen as a linear and bounded operator
R : RM → RM , we can associate the linear and bounded operator R ∈ L(PC)
such that

(3.18) R(Ĩ) = (Φ ◦R ◦ Φ−1)(Ĩ) for any Ĩ ∈ PC.

Clearly,
‖R‖ ≤ µ1/2‖R‖L(PC) and ‖R‖L(PC) ≤ µ1/2‖R‖.

We note that R ∈ L(RM∗ ), that is, R is a matrix such that R[I] ∈ RM∗ for any
I ∈ RM∗ which is extended as usual to RM by setting R[1]=0, if and only if
R ∈ L(PC∗). In this case,

(3.19) ‖R‖ ≤ µ1/2‖R‖L(PC∗) and ‖R‖L(PC∗) ≤ µ
1/2‖R‖.

We define P∗ : L2(∂Ω) → L2
∗(∂Ω), Pe : L2(∂Ω) → PC and P : L2(∂Ω) →

PC∗ as the orthogonal projections on L2
∗(∂Ω), PC and PC∗, respectively. We

define Pe∗ : PC → PC∗ as the orthogonal projection on PC∗. All these operators
have clearly norm equal to 1 and they are given by
(3.20)

Pe[f ] =

M∑
m=1

( 
em

f

)
χem and P∗[f ] = f −

 
∂Ω

f for any f ∈ L2(∂Ω)

and

(3.21) Pe∗[f ] = f −
( 

e

f

)
χe for any f ∈ PC,

and, finally, P = Pe∗ ◦ Pe.
Let us note that our voltage measurement V ∈ RM∗ is related to the solution

u by

(3.22) V = Φ−1(P [u]).

It follows that

(3.23) ‖V ‖ ≤
(

max
m=1,...,M

{HN−1(em)}
)1/2

‖u‖L2(∂Ω).

Therefore, we can alternatively view our measurements either as the resistance
matrix, that is, the linear and bounded operator RX(A) : RM∗ → RM∗ , such that
V = RX(A)(I) for any I ∈ RM∗ and which is extended as usual to RM , or as
the operator RX(A) : PC∗ → PC∗ such that

(3.24) RX(A)(Ĩ) = (Φ ◦RX(A) ◦ Φ−1)(Ĩ) for any Ĩ ∈ PC∗.

As before,

‖RX(A)‖ ≤ µ1/2‖RX(A)‖L(PC∗) and ‖RX(A)‖L(PC∗) ≤ µ
1/2‖RX(A)‖.
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Let KX(A) : H
−1/2
∗ (∂Ω) → L2

∗(∂Ω) be the operator defined as follows. For

any φ ∈ H−1/2
∗ (∂Ω)

KX(A)[φ] =

M∑
m=1

1

zm

(
NX(A)[φ]− 1

HN−1(em)

ˆ
em

NX(A)[φ]

)
χem .

We can also consider KX(A) to be defined on (TX)′∗. In both cases, KX(A) is
a compact linear operator. Moreover,

‖KX(A)[φ]‖2L2
∗(∂Ω) ≤

1

Z2
1

‖NX(A)[φ]‖2L2(e) ≤
Ĉ2
P

Z2
1

1

λ2
0

‖φ‖2(TX)′∗
,

thus

(3.25) ‖KX(A)‖L(H
−1/2
∗ (∂Ω),L2

∗(∂Ω))
≤ ‖KX(A)‖L((TX)′∗,L

2
∗(∂Ω)) ≤

ĈP
Z1

1

λ0
.

Moreover, KX(A) is a compact linear operator also from H
−1/2
∗ (∂Ω) into itself,

from L2
∗(∂Ω) into itself and from (TX)′∗ into itself. Since for any g ∈ H−1/2

∗ (∂Ω)
and I = 0 the equation (3.7) admits a solution, we can infer that 1 + KX(A) :
(TX)′∗ → (TX)′∗ is bijective. We deduce that 1+KX(A) is bijective as well from

H
−1/2
∗ (∂Ω) into itself and from L2

∗(∂Ω) into itself. We denote with K̃X(A) the

inverse to 1+KX(A). For any g ∈ (TX)′∗, or g ∈ H−1/2
∗ (∂Ω), let φ = K̃X(A)[g].

Then, by (3.13) and (3.9), we infer that

‖φ‖(TX)′∗
≤ ‖φ‖

H
−1/2
∗ (∂Ω)

≤ λ1

λ0
‖g‖(TX)′∗

≤ λ1

λ0
‖g‖

H
−1/2
∗ (∂Ω)

.

We conclude that, if g ∈ L2
∗(∂Ω), then

‖K̃X(A)[g]‖
H
−1/2
∗ (∂Ω)

≤ CP
λ1

λ0
‖g‖L2

∗(∂Ω),

hence, since K̃X(A)[g] = g −KX(A)
[
K̃X(A)[g]

]
,

(3.26) ‖K̃X(A)[g]‖L2
∗(∂Ω) ≤

‖KX(A)
[
K̃X(A)[g]

]
‖L2
∗(∂Ω) + ‖g‖L2

∗(∂Ω) ≤

(
ĈPCP
Z1

λ1

λ2
0

+ 1

)
‖g‖L2

∗(∂Ω).

We call

(3.27) C̃1 =

(
ĈPCP
Z1

λ1

λ2
0

+ 1

)
and we notice that it depends r, R, L, λ0, λ1 and Z1 only.

For any given current pattern I, taking g = 0, it is immediate to show that
φ = K̃X(A)[Ĩ], hence

u = NX(A)
[
K̃X(A)[Ĩ]

]
.

Therefore we can alternatively define

(3.28) Vm =

ˆ
em

NX(A)
[
K̃X(A)[Ĩ]

]
+ cHN−1(em),
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with

(3.29) c = −
∑M
m=1

´
em
NX(A)

[
K̃X(A)[Ĩ]

]∑M
m=1HN−1(em)

.

Still considering g = 0, and taking W ≡ 0 in (3.7), we also infer that, in
(TX)′,

φ =

M∑
m=1

1

zm
(Um − u)χem ,

hence

(3.30) Vm =

ˆ
em

NX(A)

[
M∑
m=1

1

zm
(Um − u)χem

]
+ cHN−1(em),

with

(3.31) c = −

∑M
m=1

´
em
NX(A)

[∑M
m=1

1
zm

(Um − u)χem

]
∑M
m=1HN−1(em)

.

We finally observe that, by (3.12),

(3.32) Im =
1

zm

ˆ
em

(Um − u).

The first characterization allows us to infer the next result, the second is
useful in the next subsection.

Proposition 3.1 Let A1, A2 ∈M(λ0, λ1). Then there exists a constant ĉ such
that

(3.33) ‖RX(A1)−RX(A2)‖ ≤ ĉ‖NX(A1)−NX(A2)‖L(L2
∗(∂Ω),L2

∗(∂Ω)).

The constant ĉ has the following form

(3.34) ĉ =

(
Ĉ2
P C̃

2
1

Z1λ0
+ C̃1

)
µ1/2

where µ is defined in (3.4), and C̃1 is as in (3.27), thus it depends on r, L, R,
λ0, λ1 and Z1 only.

Proof. We recall that we have set RX(A1)[1] = RX(A2)[1] = 0. We evaluate

‖(RX(A1)−RX(A2))I‖ for any I ∈ RM , with
∑M
m=1 Im = 0. Arguing as in the

proof of (3.23) and using (3.28), we have that

‖(RX(A1)−RX(A2))I‖
≤ C‖NX(A1)

[
K̃X(A1)[Ĩ]

]
−NX(A2)

[
K̃X(A2)[Ĩ]

]
‖L2
∗(∂Ω),
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where C =

(
max

m=1,...,M
{HN−1(em)}

)1/2

. But

(3.35) ‖NX(A1)
[
K̃X(A1)[Ĩ]

]
−NX(A2)

[
K̃X(A2)[Ĩ]

]
‖L2
∗(∂Ω)

≤ ‖NX(A1)[
(
K̃X(A1)− K̃X(A2))[Ĩ]

]
‖L2
∗(∂Ω)+

‖(NX(A1)−NX(A2))
[
K̃X(A2)[Ĩ]

]
‖L2
∗(∂Ω)

≤
(
‖NX(A1)‖L(L2

∗(∂Ω))‖K̃X(A1)− K̃X(A2)‖L(L2
∗(∂Ω))+

‖K̃X(A2)‖L(L2
∗(∂Ω))‖NX(A1)−NX(A2)‖L(L2

∗(∂Ω))

)
‖Ĩ‖L2

∗(∂Ω)

≤
( Ĉ2

P

λ0
‖K̃X(A1)− K̃X(A2)‖L(L2

∗(∂Ω))+

C̃1‖NX(A1)−NX(A2)‖L(L2
∗(∂Ω))

)(
min

m=1,...,M
{HN−1(em)}

)−1/2

‖I‖,

where we used (2.28), (3.26) and (3.16).
It remains to evaluate the term ‖K̃X(A1) − K̃X(A2)‖L(L2

∗(∂Ω)). Using the
identity

K̃X(A1)− K̃X(A2) = K̃X(A1)[KX(A2)−KX(A1)]K̃X(A2)

we obtain that, using again (3.26),

(3.36) ‖K̃X(A1)− K̃X(A2)‖L(L2
∗(∂Ω)) ≤ C̃2

1‖KX(A1)−KX(A2)‖L(L2
∗(∂Ω)).

Since

‖KX(A1)−KX(A2)‖L(L2
∗(∂Ω)) ≤

1

Z1
‖NX(A1)−NX(A2)‖L(L2

∗(∂Ω)),

the proof is concluded. �

3.2 Approximating the Neumann-to-Dirichlet map by the
resistance matrices

In this subsection we mainly follow [28, 29, 40] and we need to consider the
following further assumptions on the electrodes. Let us assume that to each
electrode em, m = 1, . . . ,M , is associated the extended electrode ẽm, an open
subset of ∂Ω, such that em ⊂ ẽm, the sets ẽm are pairwise disjoint and their
union covers ∂Ω up to a negligible set, that is,

HN−1

(
∂Ω\

M⋃
m=1

ẽm

)
= 0.

Further assumptions on these sets ẽm will be made when needed. Analogously,
we call

P̃C :=

{
Ĩ =

M∑
m=1

Im
HN−1(ẽm)

χẽm : I ∈ RM
}
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the set of functions which are constant on each extended electrode and zero
elsewhere. We still endow P̃C with the L2(∂Ω) norm and call P̃C∗ = P̃C ∩
L2
∗(∂Ω).

The following geometric quantities are of interest

(3.37) θ := max
m=1,...,M

{
HN−1(ẽm)

HN−1(em)

}
and

(3.38) η := max
m=1,...,M

{
diam(ẽm)

(HN−1(ẽm))1/(N−1)

}
,

that is,

diam(ẽm) ≤ η(HN−1(ẽm))1/(N−1) for any m = 1, . . . ,M.

It also implies that

diam(em) ≤ diam(ẽm) ≤ ηθ1/(N−1)(HN−1(em))1/(N−1) for any m = 1, . . . ,M.

We note that the reverse inequality always holds, that is, there exists a constant
H̃, depending on r, L and R only, such that for any E Borel subset of ∂Ω we
have

(3.39) HN−1(E) ≤ H̃(diam(E))N−1.

These quantities also provide an upper bounds on the number of electrodes
M . Namely, let m0 be such that δ = diam(em0). Then

δ ≤ ηθ1/(N−1)(HN−1(em0))1/(N−1) ≤ η
(
θµ min

m=1,...,M
{HN−1(em)}

)1/(N−1)

,

so we have

Mδ ≤ η(θµ)1/(N−1)
M∑
m=1

(HN−1(em))1/(N−1)

≤ η(θµ)1/(N−1)MM−1/(N−1)

(
M∑
m=1

HN−1(em)

)1/(N−1)

≤ η(θµ)1/(N−1)MM−1/(N−1)
(
HN−1(∂Ω)

)1/(N−1)
.

We conclude that

(3.40) M ≤ ηN−1θµHN−1(∂Ω)δ−(N−1) ≤ ηN−1θµc̃2δ
−(N−1)

where c̃2 as in (2.6) depends on r, L and R only.
In order to approximate the continuum Neumann-to-Dirichlet map we need

the following further operators.
We define the non-orthogonal projection Q : L2(∂Ω)→ L2(∂Ω) such that

Q(f) :=

M∑
m=1

1

HN−1(em)

(ˆ
ẽm

f

)
χem for any f ∈ L2(∂Ω).
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It is easy to check that Q(f) ∈ PC, for any f ∈ L2(Ω), and that

(3.41) ‖Q‖L(L2(∂Ω)) ≤ θ1/2.

Moreover, Q : L2
∗(∂Ω) → PC∗ and Q is the identity on PC∗. Through Q, any

L2
∗(∂Ω) current density can be mapped into a current density belonging to PC∗.

For any voltage u on the boundary, what is measured is Φ−1(P [u]), which
is a vector in RM∗ , or P [u] ∈ PC∗. We define the extension E : PC → L2(∂Ω)
such that

E(Ṽ ) = P∗

[
M∑
m=1

Vm
HN−1(em)

χẽm

]
for any Ṽ ∈ PC

where V = Φ−1(Ṽ ). Clearly E(Ṽ ) ∈ L2
∗(∂Ω) and E(Ṽ ) ∈ P̃C∗, for any Ṽ ∈ PC.

Moreover, we can decompose E as E = P∗ ◦ Ẽ ◦ Φ−1 where

Ẽ(V ) :=

M∑
m=1

Vm
HN−1(em)

χẽm for any V ∈ RM .

We have that

‖Ẽ(V )‖L2(∂Ω) ≤
(

min
m=1,...,M

{HN−1(em)}
)−1/2

θ1/2‖V ‖ for any V ∈ RM ,

but it is not difficult to show that

(3.42) ‖E‖L(PC,L2
∗(∂Ω)) = ‖Ẽ ◦ Φ−1‖L(PC,L2(∂Ω)) ≤ θ1/2.

The operator E|PC∗ : PC∗ → P̃C∗ has an inverse, which is given by E−1 :

P̃C∗ → PC∗ such that

(3.43) E−1[f ] := Pe∗

[
M∑
m=1

Vmχem

]
for any f =

M∑
m=1

Vmχẽm ∈ P̃C∗.

This depends on the fact that E(cχe) = 0 for any c ∈ R. It is easy to see that
‖E−1‖L∗(P̃C∗,PC∗) ≤ 1.

Therefore, for any operator R ∈ L(PC∗), we have that

‖R‖L(PC∗) ≤ ‖E ◦ R ◦Q‖L(L2
∗(∂Ω)) ≤ θ‖R‖L(PC∗)

The second inequality follows from (3.41) and (3.42), whereas the first follows
from the fact that for any Ĩ ∈ PC∗ we have

R[Ĩ] = R
[
Q[Ĩ]

]
= (E−1 ◦ E)

[
R
[
Q[Ĩ]

]]
.

Finally, the following relationship between P , E and Q hold.

Lemma 3.2 We have that E◦P ∈ L(L2
∗(∂Ω)) is the adjoint of Q ∈ L(L2

∗(∂Ω)).
In particular, it follows that

(3.44) ‖1− E ◦ P‖L(H
1/2
∗ (∂Ω),L2

∗(∂Ω))
= ‖1−Q‖L(L2

∗(∂Ω),H
−1/2
∗ (∂Ω))

.
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Proof. Let f, g ∈ L2
∗(∂Ω). Then we have the following equality

〈(E ◦ P )[f ], g〉

=

ˆ
∂Ω

(
M∑
m=1

(
1

HN−1(em)

ˆ
em

f(x)dHN−1(x)−
 
e

f

)
χẽm(y)

)
g(y)dHN−1(y)

=

M∑
m=1

(ˆ
∂Ω

(ˆ
∂Ω

1

HN−1(em)
f(x)χem(x)χẽm(y)g(y)dHN−1(x)

)
dy

)
−
ˆ
∂Ω

( 
e

f

)
g(y)dHN−1(y)

=

ˆ
∂Ω

f(x)

(
M∑
m=1

(
1

HN−1(em)

ˆ
ẽm

g(y)dHN−1(y)

)
χem(x)

)
dx = 〈f,Q[g]〉.

The thesis follows. �

We now want to estimate ‖1− E ◦ P‖L(H
1/2
∗ (∂Ω),L2

∗(∂Ω))
.

Lemma 3.3 Under the previous assumptions on the electrodes, the following
inequality holds

(3.45) ‖1− E ◦ P‖L(H
1/2
∗ (∂Ω),L2

∗(∂Ω))
≤ C̃2δ

1/2,

where

(3.46) C̃2 = CT

(
ηNθN/(N−1)H̃1/(N−1)

)1/2

,

with H̃ is as in (3.39). Moreover, for the same constant C̃2,

(3.47) ‖1−Q‖L(L2
∗(∂Ω),H

−1/2
∗ (∂Ω))

≤ C̃2δ
1/2.

Proof. Let f ∈ H1/2
∗ (∂Ω). Then we have that

‖(1− E ◦ P )[f ]‖L2
∗(∂Ω)

≤
M∑
m=1

ˆ
ẽm

(
f(x)− 1

HN−1(em)

ˆ
em

f(y)dHN−1(y)

)2

dHN−1(x)

=

M∑
m=1

ˆ
ẽm

(
1

HN−1(em)

ˆ
em

(f(x)− f(y))dHN−1(y)

)2

dHN−1(x)

≤
M∑
m=1

1

HN−1(em)

ˆ
ẽm

(ˆ
em

|f(x)− f(y)|2dHN−1(y)

)
dHN−1(x)

≤
M∑
m=1

(diam(ẽm))N

HN−1(em)

ˆ
ẽm

(ˆ
ẽm

|f(x)− f(y)|2

|x− y|N
dHN−1(x)

)
dHN−1(y)

≤
M∑
m=1

ηN (θNHN−1(em))1/(N−1)

ˆ
ẽm

(ˆ
ẽm

|f(x)− f(y)|2

|x− y|N
dHN−1(x)

)
dHN−1(y)

≤ ηNθN/(N−1)H̃1/(N−1)δ|f |2B1/2,1/2(∂Ω).

34



Inequality (3.45) is proved, whereas (3.47) immediately follows from (3.44). �

The approximation result is the following.

Theorem 3.4 Let Ω ∈ A(r, L,R) and let A ∈ M(λ0, λ1). Let X be a closed
subspace of H1(Ω) containing constants and let RX(A) be defined as in (3.24).
Under the previous assumptions on the electrodes, the following inequality holds

(3.48) ‖NX(A)− E ◦ RX(A) ◦Q‖L(L2
∗(∂Ω)) ≤ C̃3δ

1/2

where

(3.49) C̃3 =
ĈP
λ0

C̃2

(
1 + 2C̃1θ

1/2
)
.

Here C̃1 is given in (3.27) and C̃2 is given in (3.46).

Proof. Let us fix f ∈ L2
∗(∂Ω) and let v = v(Ff ) ∈ X∗ solve (2.25) with

F replaced by Ff . Let (u, U) ∈ H∗ be the solution to (3.7) with g = 0 and
I = Φ(Q[f ]). Then

‖NX(A)[f ]− (E ◦ RX(A) ◦Q)[f ]‖L2
∗(∂Ω) ≤ ‖v − (E ◦ P )[u]‖L2

∗(∂Ω)

≤ ‖v − u‖L2
∗(∂Ω) + ‖(1− E ◦ P )[u]‖L2

∗(∂Ω).

Recalling that u = NX(A)
[
K̃X(A)[Q[f ]]

]
, the second term can be estimated

as follows

‖(1−E ◦ P )[u]‖L2
∗(∂Ω) = ‖(1−E ◦ P )[u]‖L2

∗(∂Ω) ≤
ĈP
λ0

C̃2δ
1/2C̃1θ

1/2‖f‖L2(∂Ω).

Here we have used (2.27), (3.26), thus C̃1 is as in (3.27), (3.41), and, finally,
(3.45), thus C̃2 is as in (3.46).

For the first term, we use the other representation of u, namely,

u = NX(A)

[
M∑
m=1

1

zm
(Um − u)χem

]
,

that is,

φ =

[
M∑
m=1

1

zm
(Um − u)χem

]
= K̃X(A)[Q[f ]].

Therefore, again by (2.27),

‖v − u‖L2
∗(∂Ω) ≤

ĈP
λ0

∥∥∥∥∥f −
M∑
m=1

1

zm
(Um − u)χem

∥∥∥∥∥
H
−1/2
∗ (∂Ω)

≤ ĈP
λ0

‖f −Q[f ]‖
H
−1/2
∗ (∂Ω)

+

∥∥∥∥∥Q[f ]−
M∑
m=1

1

zm
(Um − u)χem

∥∥∥∥∥
H
−1/2
∗ (∂Ω)


≤ ĈP

λ0
C̃2δ

1/2‖f‖L2
∗(∂Ω) +

ĈP
λ0

∥∥∥∥∥Q[f ]−
M∑
m=1

1

zm
(Um − u)χem

∥∥∥∥∥
H
−1/2
∗ (∂Ω)

.
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For the last inequality we used (3.45). We need to treat the last term. By (3.32),
we have that

Q[f ] = Q

[
M∑
m=1

1

zm
(Um − u)χem

]
,

so, again by (3.45), (3.26) and (3.41),∥∥∥∥∥Q[f ]−
M∑
m=1

1

zm
(Um − u)χem

∥∥∥∥∥
H
−1/2
∗ (∂Ω)

≤ C̃2δ
1/2

∥∥∥∥∥
M∑
m=1

1

zm
(Um − u)χem

∥∥∥∥∥
L2
∗(∂Ω)

= C̃2δ
1/2
∥∥∥K̃X(A)[Q[f ]]

∥∥∥
L2
∗(∂Ω)

≤ C̃2δ
1/2C̃1θ

1/2‖f‖L2
∗(∂Ω).

The proof is concluded. �

3.3 The simplified resistance matrix

We define, for any conductivity tensor A ∈ M(λ0, λ1) and any subspace X
containing constants, a new M ×M matrix R̂X(A), which we call the simplified
resistance matrix. For any I ∈ RM∗ , we define

(3.50) R̂X(A)I = (Φ−1 ◦ P ◦ NX(A) ◦ Φ)[I].

We assume that R̂X(A)[1] = 0. This corresponds to the following experiment.
To any current density I ∈ RM∗ , we consider the solution v = v(FĨ) ∈ X∗ solving

(2.25) with F replaced by FĨ , Ĩ being as usual Φ−1(I). We consider

Vm =

ˆ
em

v + cHN−1(em)

where c is chosen in such a way that V ∈ RM∗ .
Correspondingly, we define the operator R̂X(A) : PC∗ → PC∗ such that

(3.51) R̂X(A)(Ĩ) = Φ ◦ R̂X(A) ◦ Φ−1 = P ◦ NX(A) for any Ĩ ∈ PC∗.

We have the following result.

Proposition 3.5 Under the previous assumptions on the electrodes, we have

(3.52) ‖R̂X(A)−RX(A)‖L(PC∗) ≤ C̃4δ
1/2,

where

(3.53) C̃4 =
ĈP
λ0

C̃2

(
1 + (2C̃1 + 1)θ1/2

)
.

Proof. We begin by noting that

‖R̂X(A)−RX(A)‖L(PC∗) ≤ ‖E ◦ (R̂X(A)−RX(A)) ◦Q‖L(PC∗,L2
∗(∂Ω))

≤ ‖E ◦ (P ◦ NX(A)) ◦Q−NX(A) ◦Q‖L(L2
∗(∂Ω))

+ ‖NX(A)− E ◦ RX(A) ◦Q|‖L(L2
∗(∂Ω)).
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The second term is estimated in Theorem 3.4, the first one, by (3.41), (2.27)

and (3.45), is bounded by C̃2δ
1/2 ĈP

λ0
θ1/2. The thesis follows. �

We note that the analogous estimate holds

(3.54) ‖(R̂X(A)−RX(A)) ◦Q‖L(L2
∗(∂Ω) ≤ C̃4δ

1/2,

C̃4 as in (3.53).

4 The discretization estimate

We consider the discretization of the conductivities and of the solutions to the
direct problem. For conductivities we follow mainly the arguments of [51], see
Proposition 4.1. The analysis for solutions to the direct problem is new and it
is actually much more involved, see Proposition 4.2.

Let Ω ∈ A(r, L,R) be such that Ω is discretizable with constant s > 0, as in
Definition 2.11. For any h, 0 < h ≤ 1, let Th, Xh and Πh as in Definition 2.11.
We call Xh[M] any N ×N matrix valued function whose elements all belong to
Xh. We also note that Πh is assumed to operate element by element in the case
of matrix or vector valued functions. We point out that symmetric matrices are
mapped onto symmetric matrices by Πh and that Πh preserves the ellipticity
conditions, with the same constants, as well.

Let η be a positive symmetric mollifier, that is,

η ∈ C∞0 (B1), η ≥ 0,

ˆ
B1

η = 1,

and such that η(x) depends only on ‖x‖ for any x ∈ B1. Clearly η ∈ C∞0 (RN )
by extending it to 0 oustide B1. For any γ > 0, we call

ηγ(x) = γ−Nη(x/γ) x ∈ RN ,

and, for any u ∈ L1
loc(RN ), we call

uγ = ηγ ∗ u,

where as usual ∗ denotes the convolution. If A ∈ L1
loc(RN ,MN×N (R)), we call

Aγ = ηγ ∗A,

where the convolution is done element by element. We note that if A is sym-
metric, then Aγ is still symmetric. Moreover, if λ0 ≤ u ≤ λ1, we have that still
λ0 ≤ uγ ≤ λ1, and, if λ0IN ≤ A ≤ λ1IN , we have that still λ0IN ≤ Aγ ≤ λ1IN .

We know that uγ ∈ C∞(RN ) and, for any multiindex α, we have Dαuγ =
(Dαηγ) ∗u. Clearly we have that Aγ ∈ C∞(RN ,MN×N (R)) and a similar prop-
erty holds. We have that uγ converges to u in L1

loc(RN ) and that Aγ converges
to A in L1

loc(RN ,MN×N (R)). In the sequel we make such a convergence much
more explicit for A ∈M(λ0, λ1) such that A ∈ BV (Ω,MN×N (R)).

By Theorem 2.6, more precisely by Remark A.1, we assume that A is actually
defined all over RN by identifying A with S̃A. So, A ∈ L∞(RN ,MN×N

sym (R)),
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satisfies λ0IN ≤ A ≤ λ1IN almost everywhere in RN , the total variation of A
on ∂Ω is 0, and

|A|BV (RN ,M) ≤ CE‖A‖BV (Ω,M).

We recall that CE depends on r, L and R only. Moreover,

‖A‖BV (Ω,M) = ‖A‖L1(Ω,M) + |A|BV (Ω,M) ≤ λ1|Ω|+ |A|BV (Ω,M).

By [5, Lemma 3.24], the following L1 convergence result holds. For a constant
C̃E depending on r, L and R only, we have, for any γ, 0 < γ ≤ 1,

(4.1) ‖A−Aγ‖L1(Ω,MN×N (R)) ≤ C̃E‖A‖BV (Ω,M)γ.

Moreover, by [24, Proposition 1.15], we conclude that

(4.2) |Aγ |BV (Ω,M) ≤ |A|BV (BR+1,M) for any 0 < γ ≤ 1.

and

(4.3) lim
γ→0+

|Aγ |BV (Ω,M) = |A|BV (Ω,M).

For any 1 ≤ q < +∞, and any 0 < γ ≤ 1, we also have

‖DαAγ‖Lq(Ω) ≤ C(|α|)‖A‖Lq(BR+1)γ
−|α| ≤ C(|α|)|B1|1/q(R+ 1)N/qλ1γ

−|α|,

where C(|α|) is an absolute constant depending, through our choice of η, on |α|
only.

We conclude that, for some absolute constant C(N), depending, through our
choice of η, on N only, for any 0 < γ ≤ 1,

(4.4) ‖Aγ‖W 2,q(Ω) ≤ C(N)|B1|1/q(R+ 1)N/qλ1γ
−2.

This prepares the proof of the following result.

Proposition 4.1 Let A ∈ M(λ0, λ1) be such that A ∈ BV (Ω,MN×N (R)).
We fix α such that 0 < α < 1/2. Then for any h, 0 < h ≤ 1, we can find
Ãh ∈ Xh[M] ∩M(λ0, λ1) such that

(4.5) ‖A− Ãh‖L1(Ω,MN×N (R)) ≤ CDhα and |Ãh|BV (Ω,M) ≤ C̃D.

The constants CD and C̃D are defined, respectively, in (4.9) and in (4.15) below.
Moreover,

(4.6) lim
h→0+

|Ãh|BV (Ω,M) = |A|BV (Ω,M).

Proof. Fix q > N/2. Then by using (4.4) and Theorem 2.10, we have that, for
any 0 < h, γ ≤ 1,

(4.7) ‖Aγ −Πh(Aγ)‖Lq(Ω,MN×N (R)) ≤ C1(N)C̃(q)|B1|1/q(R+ 1)N/qλ1h
2γ−2,

and, for any i, j = 1, . . . , N , if σ = Aij ,

(4.8) ‖∇ (σγ −Πh(σγ)) ‖Lq(Ω,RN ) ≤ C1(N)C̃(q)|B1|1/q(R+ 1)N/qλ1shγ
−2,
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where C1(N) depends onN only and C̃(q) is as in (2.21). We have that Πh(Aγ) ∈
Xh[M]. Furthermore,

‖A−Πh(Aγ)‖L1(Ω,MN×N (R))

≤ ‖A−Aγ‖L1(Ω,MN×N (R)) + ‖Aγ −Πh(Aγ)‖L1(Ω,MN×N (R))

≤ C̃E‖A‖BV (Ω,M)γ + C1(N)C̃(q)|B1|R(R+ 1)(N−1)/qλ1h
2γ−2.

By picking γ = hα, we call Ãh = Πh(Ahα) and the first part of (4.5) is proved,
with

(4.9) CD := C̃E‖A‖BV (Ω) + C1(N)C̃(q)|B1|R(R+ 1)(N−1)/qλ1.

Finally,
|Ãh|BV (Ω,M) ≤ |Ãh −Aγ |BV (Ω,M) + |Aγ |BV (Ω,M)

hence, by (4.8) with γ = hα and (4.2), for a constant C(R) depending on R
only,

|Ãh|BV (Ω,M) ≤ C(R)λ1sh
1−2α + CE(λ1|B1|RN + |A|BV (Ω,M))

so the second part of (4.5) is proved with

(4.10) C̃D := C(R)λ1s+ CE(λ1|B1|RN + |A|BV (Ω,M)).

About (4.6), we have∣∣∣|Ãh|BV (Ω,M) − |A|BV (Ω,M)

∣∣∣
≤
∣∣∣|Ãh|BV (Ω,M) − |Aγ |BV (Ω,M)

∣∣∣+
∣∣|Aγ |BV (Ω,M) − |A|BV (Ω,M)

∣∣ .
The first term of the right hand side is controlled by |Ãh − Aγ |BV (Ω,M), thus
goes to 0 by (4.8) with γ = hα. The second term of the right hand side goes to
0 by (4.3). The proof is concluded. �

We need a similar approximation for solutions to the Neumann boundary
value problems.

Proposition 4.2 Let A ∈ M(λ0, λ1) be such that A ∈ BV (Ω,MN×N (R)). Let
g ∈ L2

∗(∂Ω) and let v = v[Fg] be the solution to (2.25) with X = H1(Ω).
Then for any h, 0 < h ≤ 1, we can find ṽh ∈ Xh such that

(4.11) ‖v − ṽh‖H1(Ω) ≤ ĈDhα1‖g‖L2
∗(∂Ω).

The constant α1, 0 < α1 < 1 is defined in (4.14). The constant ĈD is defined
below in (4.15).

Proof. By Theorem 2.16, we have that v ∈W 1,Q1(Ω), therefore we can assume,
identifying v with the extension Sv of Theorem 2.6, that v ∈W 1,Q1(RN ), v ≡ 0
outside BR+1 and

‖v‖W 1,Q1 (RN ) ≤ Ĉ‖g‖L2
∗(∂Ω).
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Let Q2 = 3 for N = 2, and, for N ≥ 3, assuming without loss of generality that

Q1 < N , Q2 =
Q1N

N −Q1
>

2N

N − 2
≥ 2. By Sobolev immersion we obtain that

‖v‖LQ2 (RN ) ≤ Ĉ1‖g‖L2
∗(∂Ω)

where Ĉ, Ĉ1 are constants depending on Q1, r, L, R, λ0 and λ1 only.
The idea is similar to the one in the proof of Proposition 4.1. We choose a

suitable γ, depending on h, and we pick ṽh = Πh(vγ). Therefore, we need to
estimate the H1(Ω) norm of v − vγ and vγ −Πh(vγ).

The second term can be estimated as follows. Pick q > max{N/2, 2}, to be
chosen later. Then, by Theorem 2.10,

‖vγ −Πh(vγ)‖H1(Ω) ≤ C(q)‖vγ −Πh(vγ)‖W 1,q(Ω)

≤ C(q)C̃(q) max{s, 1}h‖D2vγ‖Lq(Ω,M),

where C(q) depends on q and R only.
In order to estimate ‖D2vγ‖Lq(Ω,M), we need to distinguish two cases. If

Q2 > N/2, which holds at least for N ≤ 6, then we just pick q = Q2 and obtain

‖D2vγ‖Lq(Ω,M) ≤ C(N)‖v‖Lq(BR+1)γ
−2 ≤ C(N)Ĉ1‖g‖L2

∗(∂Ω)γ
−2,

where C(N) is an absolute constant depending, through our choice of η, on N

only. If N ≥ 7, instead, let q1 =
2N

N + 6
> 1. Then let q be such that

1 +
1

q
=

1

Q2
+

1

q1
.

We have that q > max{N/2, 2} and depends on Q1 and N only. Then

‖D2vγ‖Lq(Ω,M) ≤ C1(N)‖D2(ηγ)‖Lq1 (RN ,M)Ĉ1‖g‖L2
∗(∂Ω),

where C1(N) is an absolute constant depending on N only. We conclude that

‖D2vγ‖Lq(Ω,M) ≤ C(N)Ĉ1‖g‖L2
∗(∂Ω)γ

−(N−2)/2,

where C(N) is an absolute constant depending, through our choice of η, on N
only. We conclude that, for any N ≥ 2,

(4.12) ‖vγ −Πh(vγ)‖H1(Ω)

≤ C(q)C̃(q) max{s, 1}C(N)Ĉ1‖g‖L2
∗(∂Ω)hγ

−max{(N−2)/2,2}

where C(N) is an absolute constant depending, through our choice of η, on N
only.

For what concerns v − vγ , we just know that v ∈W 1,Q1(RN ) with bounded
support, for some Q1 > 2. Hence we can immediately obtain that, for any
0 < γ ≤ 1,

‖∇(v − vγ)‖LQ1 (Ω) ≤ 2‖∇v‖LQ1 (BR+1) ≤ Ĉ‖g‖L2
∗(∂Ω)

and

‖v − vγ‖L2(Ω) ≤ ‖v − vγ‖L2(BR+1) ≤ ‖∇v‖L2(RN ,RN )γ ≤ Ĉ‖g‖L2
∗(∂Ω)γ.
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Here Ĉ depends on r, L, R, λ0 and λ1 only.
Estimating the H1(Ω) norm of v − vγ , however, is more delicate. We need

to use in an essential way the fact that v is a solution to an elliptic equation.
For any x ∈ Ω, we call d(x) := dist(x, ∂Ω). We split Ω into two regions, one
close to the boundary and the other far away from the boundary. Namely, for
any 0 < t ≤ 1, let Ωt := {x ∈ Ω : d(x) > t}. Note that, for any y ∈ RN with
‖y‖ ≤ t, we have Ωt + y ⊂ Ω.

Let us fix 0 < t ≤ 1. For any ϕ ∈ C∞0 (Ωt) and any y ∈ RN with ‖y‖ ≤ t, we
have that ϕ̃(·) = ϕ(·+ y) ∈ C∞0 (Ω), hence

ˆ
Ωt

A(x− y)∇v(x− y)∇ϕ(x)dx =

ˆ
Ωt−y

A(z)∇v(z)∇ϕ̃(z)dz

=

ˆ
Ω

A(z)∇v(z)∇ϕ̃(z)dz = 0.

By density the same property holds for any ϕ ∈ H1
0 (Ωt). Let 0 ≤ γ ≤ t. By

multiplying with ηγ(y) and integrating in dy, we obtain that

ˆ
Ωt

(A∇v)γ∇ϕ = 0 for any ϕ ∈ H1
0 (Ωt).

We now considerˆ
Ωt

A∇(v − vγ) · ∇ϕ =

ˆ
Ωt

(
(A∇v)γ −A∇vγ

)
· ∇ϕ.

We note that, for any x ∈ Ωt,

(A∇v)γ(x)−A(x)∇vγ(x) =

ˆ
Bγ

ηγ(y)
(
A(x− y)−A(x)

)
∇v(x− y)dy.

Hence, picking q = Q1 and p =
2Q1

Q1 − 2
, we obtain for any i, j = 1, . . . , N ,

ˆ
Ωt

∣∣(Aij∂jv)γ(x)−Aij(x)∂jvγ(x)
∣∣2dx

≤
ˆ

Ωt

(ˆ
Bγ

ηγ(y)
∣∣Aij(x− y)−Aij(x)

∣∣2|∂jv(x− y)|2dy

)
dx ≤ CD

where, using twice the Hölder inequality,

C =

(ˆ
Ωt

(ˆ
Bγ

ηγ(y)
∣∣Aij(x− y)−Aij(x)

∣∣pdy) dx)2/p

and

D =

(ˆ
Ωt

(ˆ
Bγ

ηγ(y)|∂jv(x− y)|qdy

)
dx

)2/q

.

It is easy to infer that
D ≤ ‖∂jv‖2Lq(Ω).
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About C, we have that it can be bounded from above by

(2‖Aij‖L∞(Ω))
(2p−2)/p

(ˆ
Ωt

(ˆ
Bγ

ηγ(y)
∣∣Aij(x− y)−Aij(x)

∣∣dy) dx)2/p

,

which, again by [5, Lemma 3.24], can be estimated by

(2λ1)(2p−2)/p (γ|DAij |(Ω))
2/p ≤ (2λ1)(2p−2)/p

(
γ|A|BV (Ω,M)

)2/p
.

In conclusion, we obtain that, for a constant C(Q1) depending on Q1 only,

‖(A∇v)γ −Avγ‖L2(Ωt) ≤ C(Q1)Ĉλ
Q1+2
2Q1

1 |A|
Q1−2
2Q1

BV (Ω,M)‖g‖L2
∗(∂Ω)γ

Q1−2
2Q1 .

We fix χ̃ ∈ C∞(R) such that χ̃ is increasing, χ̃ ≡ 0 in (−∞, 0) and χ̃ ≡ 1 in
(1,+∞). Then we define, for any 0 < t1 < t2 ≤ 2,

χt1,t2(x) = χ̃

(
d(x)− t1
t2 − t1

)
for any x ∈ Ω.

We have that χt1,t2 ≡ 0 in Bt1(∂Ω) ∩ Ω and χt1,t2 ≡ 1 in Ωt2 . Moreover, χt1,t2
is Lipschitz in Ω and

‖∇χt1,t2‖L∞(Ω,RN ) ≤
Cc

t2 − t1
with Cc an absolute constant depending on our choice of χ̃. We consider 0 < γ ≤
t1 and choose ϕ = χ2

t1,t2(v − vγ). We use an argument similar to the one used
to prove the Caccioppoli inequality. Then, calling χ = χt1,t2 and w = v − vγ ,

ˆ
Ωt1

A∇w · ∇ϕ =

ˆ
Ωt1

χ2A∇w · ∇w + 2

ˆ
Ωt1

χwA∇w · ∇χ,

therefore

ˆ
Ωt1

χ2A∇w · ∇w ≤ C(Q1)Ĉλ
Q1+2
2Q1

1 |A|
Q1−2
2Q1

BV (Ω,M)‖g‖L2
∗(∂Ω)γ

Q1−2
2Q1 ‖∇ϕ‖L2(Ω,RN )

− 2

ˆ
Ωt1

χwA∇w · ∇χ = C1‖∇ϕ‖L2(Ω,RN ) +D1.

We have that

D1 = −2

ˆ
Ωt1

χwA∇w · ∇χ ≤ 1

2

ˆ
Ωt1

χ2A∇w · ∇w + 8

ˆ
Ωt1

w2A∇χ · ∇χ,

hence ˆ
Ωt1

χ2A∇w · ∇w ≤ 2C1‖∇ϕ‖L2(Ω,RN ) + 16

ˆ
Ωt1

w2A∇χ · ∇χ.

We have that

2C1‖∇ϕ‖L2(Ω,RN ) ≤ 3C2
1 +

4C2
c

(t2 − t1)2

ˆ
Ωt1

w2 +
1

2

ˆ
Ωt1

χ2∇w · ∇w
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and we conclude that

ˆ
Ωt2

‖∇w‖2 ≤ 1

λ0

ˆ
Ωt2

A∇w · ∇w ≤ 1

λ0

ˆ
Ωt1

χ2A∇w · ∇w

≤ 1

λ0

(
6C2

1 +
40C2

c

(t2 − t1)2

ˆ
Ωt1

w2

)
,

that is,

‖∇(v − vγ)‖L2(Ωt2 ,RN )

≤ 8

λ
1/2
0

(
C(Q1)λ

Q1+2
2Q1

1 |A|
Q1−2
2Q1

BV (Ω,M) +
Cc

t2 − t1

)
Ĉ‖g‖L2

∗(∂Ω)γ
Q1−2
2Q1 .

In order to estimate ∇((v − vγ)) near the boundary, we just use the fact that
v − vγ ∈W 1,Q1(RN ). Therefore,

‖∇(v − vγ)‖L2(Ω\Ωt2 ,RN ) ≤ |Ω\Ωt2 |
Q1−2
2Q1 ‖∇(v − vγ)‖LQ1 (Ω,RN )

≤ 2|Ω\Ωt2 |
Q1−2
2Q1 Ĉ‖g‖L2

∗(∂Ω).

We note that there exists a constant Cb, depending on r, L and R only, such
that, for any 0 < t ≤ 2 we have |Ω\Ωt| ≤ Cbt. Finally, we pick, 0 < t1 = γ ≤ 1

and t2 = γ+γ
Q1−2
3Q1−2 ≤ 2γ

Q1−2
3Q1−2 ≤ 2 and we conclude that, for a constant C1(Q1)

depending on Q1 only,

(4.13) ‖v − vγ‖H1(Ω)

≤ C1(Q1)

λQ1+2
2Q1

1

λ
1/2
0

|A|
Q1−2
2Q1

BV (Ω,M) +
1

λ
1/2
0

+ 1

 Ĉ‖g‖L2
∗(∂Ω)γ

(Q1−2)2

2Q1(3Q1−2) .

Now we choose 0 < α0 < 1 and, for any 0 < h ≤ 1, γ = hα0 so that

(4.14) α1 := α0
(Q1 − 2)2

2Q1(3Q1 − 2)
= 1− α0 max{(N − 2)/2, 2}

and we use (4.12) and (4.13). With the constant ĈD given by

(4.15) ĈD := C(q)C̃(q) max{s, 1}C(N)Ĉ1

+ C1(Q1)

λQ1+2
2Q1

1

λ
1/2
0

|A|
Q1−2
2Q1

BV (Ω,M) +
1

λ
1/2
0

+ 1

 Ĉ,

the proof is concluded. �

By Céa’s Lemma, Theorem 2.13, we obtain the following estimate for the
corresponding Neumann-to-Dirichlet maps.

Corollary 4.3 Let A ∈ A(λ0, λ1) be such that A ∈ BV (Ω,MN×N (R)).
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For any h, 0 < h ≤ 1, let Nh(A) = NXh(A). Then

(4.16) ‖N (A)−Nh(A)‖L(L2
∗(∂Ω)) ≤

√
λ1

λ0
CP ĈDh

α1

and

(4.17) ‖N (A)−Nh(A)‖L(L2
∗(∂Ω),H

1/2
∗ (∂Ω))

≤
√
λ1

λ0
CT ĈDh

α1 .

As before, the constant α1, 0 < α1 < 1 is defined in (4.14) and the constant ĈD
is defined in (4.15).

5 The main theorem

In this section we finally summarize all our results, by stating and proving our
main approximation theorem, Theorem 5.1.

Let Ω ⊂ RN such that Ω ∈ A(r, L,R). Let the unknown conductiovity
A0 ∈M(λ0, λ1) satisfy

(5.1) |A0|BV (Ω,M) < +∞.

Let F0 :M(λ0, λ1)→ [0,+∞] be defined as follows for any A ∈M(λ0, λ1)

F0(A) =

{
|A|BV (Ω,M) if N (A) = N (A0)
+∞ otherwise.

By our assumption (5.1), F0 is not identically equal to +∞.
We call S = {A ∈ M(λ0, λ1) : N (A) = N (A0)} the set of solutions to the

inverse problems and

Ŝ =

{
A ∈ S : |A|BV (Ω,M) = min

Ã∈S
|Ã|BV (Ω,M)

}
the set of optimal solutions. We note that Ŝ is not empty and compact in
L1(Ω,MN×N (R)), since it coincides with the set of minimizers of F0.

We fix positive constants s0, Z1 ≤ Z2, µ0, θ0, η0 and we make the following
assumptions.

Let Ω be a discretizable set with constant s ≤ s0, as in Definition 2.11. For
any h, 0 < h ≤ 1, let Th, Xh and Πh as in Definition 2.11. We call Nh = NXh .
We call Xh[M] any N × N matrix valued function whose elements all belong
to Xh. The positive parameter h is called the mesh size parameter or mesh
parameter.

Let us consider electrodes em, constants zm and extended electrodes ẽm,
m = 1, . . . ,M , such that (3.1) is satisfied and µ ≤ µ0, µ as in (3.4). The
electrodes are characterized by the positive electrode size parameter or electrode
parameter δ defined in (3.3). We assume that θ ≤ θ0 and η ≤ η0, θ as in (3.37)
and η as in (3.38).

The exact experimental measurements are given by the M ×M resistance
matrix Rδ0 = Rδ(A0) associated to the electrodes. We assume that, for some ε,
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0 < ε ≤ 1, the noise level, the available data are given by the matrix Rδε such
that

(5.2) ‖Rδε −Rδ0‖2 ≤ ‖Rδε −Rδ0‖2M×M =

M∑
i,j=1

(Rδε −Rδ0)2
ij ≤M2ε2

≤
(
c̃2η

N−1
0 θ0µ0

)2
δ−2(N−1)ε2,

by (3.40), with c̃2 depending on r, L and R only. We recall that, for all these
and the next matrices, we assume that their product with the vector [1] is 0.

We can define our fully discretized functional to be minimized. Given 0 <
ε ≤ 1, 0 < h ≤ 1, δ > 0 and a > 0, let F δε,h,a :M(λ0, λ1)→ [0,+∞] be defined
as follows for any A ∈M(λ0, λ1)

F δε,h,a(A) =

 ‖R̂δh(A)−Rδε‖2

a
+ |A|BV (Ω,M) if A ∈ Xh[M] ∩M(λ0, λ1)

+∞ otherwise.

where the simplified resistance matrix R̂δh(A) := R̂Xh(A) is defined in (3.50).
The regularized and discretized minimization problem one has to solve is
min

A∈M(λ0,λ1)
F δε,h,a(A), that is,

(5.3) min

{
‖R̂δh(A)−Rδε‖2

a
+ |A|BV (Ω,M) : A ∈ Xh[M] ∩M(λ0, λ1)

}
.

It is easy to note that (5.3) admits a solution, that is, F δε,h,a admits a (possibly

not unique) minimizer that we call Aδε,h,a, with F δε,h,a(Aδε,h,a) < +∞. In fact,

F δε,h,a
(
λ0+λ1

2 IN
)
< +∞, so a minimizing sequence is bounded in BV (Ω,M),

thus without loss of generality we can assume it converges in L1(Ω,MN×N (R)).
Since Xh[M] ∩ M(λ0, λ1) is closed with respect to L1 convergence and A 7→
R̂δh(A) is continuous with respect to L1 convergence, we obtain existence of the
minimum.

In our main theorem we prove that, if we suitably choose the parameters
a, h and δ with respect to the noise level ε, we have that, up to subsequences,
Aδε,h,a converges, as ε→ 0+, to Â ∈ Ŝ.

Theorem 5.1 Under the previous assumptions, for any ε, 0 < ε ≤ 1, let

(5.4) a = a(ε) = cεγ , h = h(ε) ≤ c0εa1 and c1ε
a2 ≤ δ = δ(ε) ≤ c2εa2

where c, c0, c1 < c2, γ, a1 and a2 are positive constants. We assume that

(5.5) γ < a2; γ + 2(N − 1)a2 < 2; γ < 2a1α1; γ < β1,

with α1 defined in (4.14) and β1 defined in (2.37).

We call Fε = F
δ(ε)
ε,h(ε),a(ε). Then there exists min

M(λ0,λ1)
Fε, for any ε, 0 ≤ ε ≤ 1,

and
min

M(λ0,λ1)
F0 = lim

ε→0+
min

M(λ0,λ1)
Fε < +∞.
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Let {Aε}0<ε≤1 ⊂M(λ0, λ1) satisfy lim sup
ε→0+

Fε(Aε) < +∞. Then

(5.6) lim
ε→0+

dist(Aε, S) = 0.

Here and in the sequel, dist is the distance with respect to the L1(Ω,MN×N (R))
norm. Moreover, for any sequence {εn}n∈N of numbers such that 0 < εn ≤
1 for any n ∈ N and lim

n
εn = 0, we have that {Aεn}n∈N converges, up to a

subsequence, in the L1(Ω,MN×N (R)) norm to A ∈ S, that is, A ∈ M(λ0, λ1)
such that N (A) = N (A0).

Let {Aε}0<ε≤1 ⊂M(λ0, λ1) satisfy lim
ε→0+

(
Fε(Aε)− min

M(λ0,λ1)
Fε

)
= 0. Then

(5.7) lim
ε→0+

dist(Aε, Ŝ) = 0

Moreover, for any sequence {εn}n∈N of numbers such that 0 < εn ≤ 1 for any
n ∈ N and lim

n
εn = 0, we have that {Aεn}n∈N converges, up to a subsequence,

in the L1(Ω,MN×N (R)) norm to Â ∈M(λ0, λ1) such that Â is a minimizer of
F0, that is, Â ∈ Ŝ.

If S = {A0} and {Aε}0<ε≤1 ⊂M(λ0, λ1) satisfy lim sup
ε→0+

Fε(Aε) < +∞, then

we have that

lim
ε→0+

ˆ
Ω

‖Aε −A0‖ = 0.

Proof. It follows immediately, through Theorem 2.1, by the following two
propositions, Propositions 5.5 and 5.6. �

Remark 5.2 If we consider the noise level ε as a relative error, that is, we
assume

‖Rδε −R0‖ ≤ ε

independently on the number M of electrodes, then the assumptions of Theo-
rer 5.1 simplify as follow. We can replace (5.4) and (5.5) with

(5.8) a = a(ε) = cεγ , h = h(ε) ≤ c0εa1 and δ = δ(ε) ≤ c2εa2

and

(5.9) γ < a2; γ < 2; γ < 2a1α1; γ < β1.

Remark 5.3 Concerning the choice of h and δ, it is convenient to choose h
and δ as large as possible within the constraints of (5.4) or (5.8). About h,
this should help to reduce the numerical instability as well as the numerical
complexity of the problem to be solved. About δ, this reduces the numbers of
electrodes to be used.

Remark 5.4 The main theorem, Theorem 5.1, as well as the previous re-
mark 5.2, holds exactly the same if we replace M(λ0, λ1) with Mscal(λ0, λ1).
In this case, if N = 2, we indeed have that S = {A0}.

We begin by proving the Γ-convergence result.
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Proposition 5.5 Under the assumptions and notation of Theorem 5.1, we
have that, as ε → 0+, Fε Γ-converges to F0, with respect to the L1 norm on
M(λ0, λ1).

Proof. We begin with the Γ-liminf inequality. Let us assume that {Aε}ε∈(0,1] ⊂
M(λ0, λ1) is such that lim

ε→0+
Aε = A in the L1 norm and lim inf

ε→0+
Fε(Aε) < +∞.

Then
|A|BV (Ω,M) ≤ lim inf

ε→0+
|Aε|BV (Ω,M) ≤ lim inf

ε→0+
Fε(Aε) < +∞.

Hence, it remains to prove that N (A) = N (A0). Without loss of generality, we
can assume that, for a constant C0 we have

(5.10) |Aε|BV (Ω,M) ≤ C0 for any 0 < ε ≤ 1.

We have that

‖E ◦ (R̂δh(Aε)−Rδε) ◦Q‖L(L2
∗(∂Ω)) ≤ θ0‖R̂δh(Aε)−Rδε‖L(PC∗)

≤ θ0µ
1/2
0 ‖R̂δh(Aε)−Rδε‖ → 0 as ε→ 0+.

We next show that

(5.11) ‖N (A0)− E ◦ Rδε ◦Q‖L(L2
∗(∂Ω)) → 0 as ε→ 0+.

We have that

‖N (A0)− E ◦ Rδε ◦Q‖L(L2
∗(∂Ω))

≤ ‖N (A0)− E ◦ Rδ(A0) ◦Q‖L(L2
∗(∂Ω))

+ ‖E ◦ (Rδ(A0)−Rδε) ◦Q‖L(L2
∗(∂Ω)).

The first term on the right hand side can be estimated, by using Theorem 3.4,
as follows

‖N (A0)− E ◦ Rδ(A0) ◦Q‖L(L2
∗(∂Ω)) ≤ C̃3δ(ε)

1/2 → 0 as ε→ 0+.

The second one is bounded by

‖E ◦ (Rδ(A0)−Rδε) ◦Q‖L(L2
∗(∂Ω)) ≤ θ0µ

1/2
0 ‖Rδ(A0)−Rδε‖2M×M ≤ θ0µ

1/2
0 Mε

≤ c̃2θ2
0µ

3/2
0 ηN−1

0 δ(ε)−(N−1)ε→ 0 as ε→ 0+.

Hence we have

(5.12) ‖N (A0)− E ◦ Rδε ◦Q‖L(L2
∗(∂Ω))

≤ C̃3δ(ε)
1/2 + c̃2θ

2
0µ

3/2
0 ηN−1

0 δ(ε)−(N−1)ε

and (5.11) is proved.
If we prove that

‖E ◦ R̂δh(Aε) ◦Q−N (A)‖L(L2
∗(∂Ω)) → 0 as ε→ 0+,
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the Γ-liminf inequality is proved. We split the problem into four different terms,
namely,

‖E ◦ R̂δh(Aε) ◦Q−N (A)‖L(L2
∗(∂Ω)) ≤ ‖E ◦ (R̂δh(Aε)−Rδh(Aε)) ◦Q‖L(L2

∗(∂Ω))

+ ‖E ◦ Rδh(Aε) ◦Q−Nh(Aε)‖L(L2
∗(∂Ω)) + ‖Nh(Aε)−N (Aε)‖L(L2

∗(∂Ω))

+ ‖N (Aε)−N (A)‖L(L2
∗(∂Ω)) = (I) + (II) + (III) + (IV ).

The term (I) is bounded by Proposition 3.5. In fact,

(5.13) ‖E ◦ (R̂δh(Aε)−Rδh(Aε)) ◦Q‖L(L2
∗(∂Ω))

≤ θ0‖R̂δh(Aε)−Rδh(Aε)‖L(PC∗) ≤ C̃4θ0δ(ε)
1/2 → 0 as ε→ 0+.

The term (II) is bounded by Theorem 3.4. In fact

(5.14) ‖E ◦ Rδh(Aε) ◦Q−Nh(Aε)‖L(L2
∗(∂Ω)) ≤ C̃3δ(ε)

1/2 → 0 as ε→ 0+.

The term (III) is bounded by Corollary 4.3. In fact

(5.15) ‖Nh(Aε)−N (Aε)‖L(L2
∗(∂Ω)) ≤

√
λ1

λ0
CP ĈDh(ε)α1 → 0 as ε→ 0+.

Note that ĈD does not depend on Aε by (5.10). The term (IV ) is bounded by
Theorem 2.17. In fact

(5.16) ‖N (Aε)−N (A)‖L(L2
∗(∂Ω))

≤ CT (1+C2
P )1/2D̃1C(Q1)(2λ1)1−β1‖Aε−A‖β1

L1(Ω,MN×N (R))
→ 0 as ε→ 0+.

The construction of a recovery sequence uses a similar argument. Let Ã ∈
M(λ0, λ1) be such that F0(Ã) < +∞, that is, N (Ã) = N (A0) and |Ã|BV (Ω,M) <

+∞. Let us apply Proposition 4.1 with A replaced by Ã. For any 0 < h ≤ 1, we
can find Ãh ∈ Xh[M ∩M(λ0, λ1) such that

(5.17) ‖Ã− Ãh‖L1(Ω,MN×N (R)) ≤ CDhα and |Ãh|BV (Ω,M) ≤ C̃D

and

(5.18) lim
h→0+

|Ãh|BV (Ω,M) = |Ã|BV (Ω,M).

Here α, 0 < α < 1/2, is a fixed constant. We wish to show that Aε = Ãh(ε),

0 < ε ≤ 1 is the looked for recovery sequence for Ã. By (5.18), it is enough to
show that

‖R̂δh(Aε)−Rδε‖2

εγ
→ 0 as ε→ 0+.

But
‖R̂δh(A)−Rδε‖ ≤ µ

1/2
0 ‖E ◦ (R̂δh(Aε)−Rδε) ◦Q‖L(L2

∗(∂Ω)).
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With the same argument as before, using (5.12), (5.13), (5.14), (5.15) and (5.16),
we conclude that

(5.19) ‖E ◦ (R̂δh(Aε)−Rδε) ◦Q‖L(L2
∗(∂Ω))

≤ (2C̃3 + C̃4θ0)δ(ε)1/2 + c̃2θ
2
0µ

3/2
0 ηN−1

0 δ(ε)−(N−1)ε

+

√
λ1

λ0
CP ĈDh(ε)α1 + CT (1 + C2

P )1/2D̃1C(Q1)(2λ1)1−β1Cβ1

D h(ε)αβ1

≤ C
(
δ(ε)1/2 + δ(ε)−(N−1)ε+ h(ε)α1 + h(ε)αβ1

)
.

with C independent on ε, 0 < ε ≤ 1. Then the conclusion follows by choosing α
sufficiently close to 1/2. . �

Next we prove the equicoerciveness.

Proposition 5.6 Under the assumptions and notation of Theorem 5.1, there
exists a set K ⊂M(λ0, λ1), which is compact with respect to the L1 norm, such
that for any 0 < ε ≤ 1, we have

inf
K
Fε = inf

M(λ0,λ1)
Fε.

Proof. By Proposition 5.5, we can find a constant C such that

(5.20) min
M(λ0,λ1)

Fε ≤ C for any 0 < ε ≤ 1.

We define K = {Aε}0<ε≤1, where Aε is a minimizer for Fε, for any 0 < ε ≤ 1.
By (5.20), we obtain that, for some constant C1, |Aε|BV (Ω,M) ≤ C1 for any
0 < ε ≤ 1. Then K is relatively compact in L1(Ω,MN×N (R)) by the compact
immersion of BV into L1. �

Remark 5.7 In this final remark we show that the minimization problem can
be made completely discrete. Let {Tn}n≥0 be the sequence of triangulations

defined in Remark 2.12. Let T̃n = (Tn)|∂Ω be the corresponding triangulation
of the boundary. We recall that, by (2.22), for some positive constants C0 and
C1, we have

C02−n ≤ hn ≤ C12−n.

Let us fix m ≥ 1 and k, 1 ≤ k ≤ 2m(N−1). Fixed n ≥ m, for any K ∈ T̃n−m,
we define eK as k elements of T̃n which are contained in K and ẽK = K. The
geometric quantities characterizing the electrodes that we need to check are δn,
µn, θn and ηn, as in (3.3), (3.4), (3.37) and (3.38), respectively. We have, for
suitable positive constants C̃0, C̃1 and C2,

C̃0hn ≤ δn ≤ C̃12mhn

and µn ≤ C2. We have that

θn =
2m(N−1)

k

and, finally, for another constant C3, ηn ≤ C3.
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We pick γ, a1 and a2, with a1 = a2, such that (5.5), or (5.9) respectively, is
satisfied. Let {εj}j∈N be a sequence of real numbers such that 0 < εj+1 < εj ≤ 1
for any j ∈ N and lim

j
εj = 0. Then choose subsequences {nk}k∈N and {εjk}k∈N

such that for any k ∈ N we have

2−(nk+1) < εa1jk ≤ 2−nk

so that the sequences {εjk}k∈N, {ak = εγjk}k∈N, {hnk}k∈N and {δnk}k∈N satisfy
(5.4), or (5.8) respectively.

6 Conclusions and perspectives

We have rigorously shown that a good approximate solution to the inverse con-
ductivity problem can be obtained by solving a completely discrete regularized
minimum problem. Moreover, given the noise level, we provide optimal choices
for the size of the electrodes to be used to collect the measurements and for the
size of the mesh used to discretize the inverse, as well as the direct, problem.
Due to the exponential ill-posedness of the problem at hand, one could have
conjectured that, to keep the instability under control, the size of the mesh
should decay logarithmically with respect to the noise level. Instead, we confirm
the result already found in [51] that the size of the mesh should decay polyno-
mially with respect to the noise level, a fact that is absolutely not obvious a
priori. Concerning electrodes, the most important finding is that the number of
electrodes M should grow also polynomially as the noise level diminishes.

We wish to point out that we are able to deal with a rather severe noise, since
we just assume that the measurement at each electrode can be perturbed by a
level of noise whose amplitude is independent on the value of the measurement
there, thus it is not a relative error. In particular the errors on each electrode
can sum up and this could be extremely bad given the fact that the number of
electrodes is increasing.

Another interesting consequence of our analysis is that, when dealing with
reconstruction, we can use as direct problem the usual Neumann boundary value
problem. In particular we do not need to use the experimental measurements
direct problem, which is less standard, and, in particular, we can completely
neglect the value of the contact impedance at each electrode.

The only restrictions in the current work are due to the geometry of the
domain Ω and the geometry of the electrodes. In fact, we need to assume that
Ω is polyhedral. Moreover, in order to have a completely discretized problem,
we need the electrodes to be given by unions of elements of the triangulation of
the boundary, as described in Remark 5.7. In the applications, this is often not
the case, both for the domain and the electrodes. Currently we are working to
extending the result in these two directions. For domains with curved bound-
aries, the issue is to find a suitable approximation with polyhedral domains.
We recall that an analysis of this type was carried over in [23], but it does not
seem enough to achieve the approximation we are interested in. In order to deal
with electrodes with more arbitrary shape, another suitable approximation of
electrodes with unions of elements of a triangulation of the boundary need to
be devised and analyzed. We wish to mention that, in [37, 38, 39, 3], a very nice
line of research, which is strictly related to our plan, has been developed. In fact,
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in these papers the aim is to tackle, mainly on the numerical side, modelling
errors on the shape of the domain and on the shape of electrodes, as well as on
their contact impedance.

The last step in our analysis, which is however extremely challenging in this
general framework, would be to find quantitative convergence estimates of our
discrete regularized minimizer to an optimal solution of the Calderón problem.

A Appendix: geometric properties of Lipschitz
domains and related results

Let Ω ∈ A(r, L,R) for positive constants r, L and R. We begin by illustrat-
ing the following geometric properties of the domain Ω, which depend on r, L
and R only. This geometric construction is crucial in proving all the results of
Subsection 2.3.

For any x ∈ ∂Ω we can find positive constants r1 and r2, depending on r
and L only, such that the following holds. Up to a rigid change of coordinates,
we assume that x = 0 and that

Ω ∩
(
[−r1, r1]N−1 × [−r2, r2]

)
=
{
y = (y1, . . . , yN−1, yN ) ∈ [−r1, r1]N−1 × [−r2, r2] :

yN < ϕ(y1, . . . , yN−1)
}

where ϕ : [−r1, r1]N−1 → [−r2/2, r2/2] is a Lipschitz function with Lipschitz
constant bounded by L. Let S = [−r1, r1]N−1 × R and let T : S → S be
the bi-Lipschitz transformation such that T (y′, yN ) = (y′, yN − ϕ(y′)) for any
y′ = (y1, . . . , yN−1) ∈ [−r1, r1]N−1 and any yN ∈ R. We have that

T
(
∂Ω ∩

(
[−r1, r1]N−1 × [−r2, r2]

))
= {y ∈ S : yN = 0}

and that there exists r3 > 0 such that

Br3(x) ⊂ Ux = T−1
(
(−r1, r1)N−1 × (−r2/2, r2/2)

)
.

In particular,

Br3(x) ∩ Ω ⊂ U−x = T−1
(
(−r1, r1)N−1 × (−r2/2, 0)

)
⊂ Ω

and
Br3(x)\Ω ⊂ U+

x = T−1
(
(−r1, r1)N−1 × (0, r2/2)

)
⊂ RN\Ω.

We note that r3 and the Lipschitz constants of T and T−1 depend on r and L
only.

We prove that there exist x1, . . . , xm ∈ ∂Ω such that ∂Ω ⊂
⋃m
i=1Br3/8(xi),

with m ≤ m0, where m0 is a constant depending on r3 and R only. The argument
is the following. Fix x1 ∈ ∂Ω arbitrarily. Then proceed by induction as follows.
Given x1, . . . , xn, with n ∈ N, we have two cases. If ∂Ω\

⋃n
i=1Br3/8(xi) is empty,

we have ∂Ω ⊂
⋃n
i=1Br3/8(xi). Otherwise, let xn+1 ∈ ∂Ω\

⋃n
i=1Br3/8(xi). We

have that, for any i 6= j, Br3/16(xi)∩Br3/16(xj) = ∅. Therefore, after a number
of steps that depends on R and r3 only, such a construction has to stop. It is
clear that Br3/8(∂Ω) ⊂

⋃m
i=1Br3/4(xi).
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With a completely analogous argument, we find xm+1, . . . , xm+l ∈ Ω such
that Br3/8(xi) ⊂ Ω and

(A.1) K = Br3/8(Ω) ⊂

(
m⋃
i=1

Br3/4(xi)

)
∪

(
m+l⋃
i=m+1

Br3/16(xi)

)
.

Again, we have that l ≤ l0, where l0 is a constant depending on r3 and R only.
For convenience, let us call r(xi) = r3/4 for any i = 1, . . . ,m and r(xi) = r3/16
for any i = m+ 1, . . . ,m+ l.

We construct a partition of unity on K as follows. For any i = 1, . . . ,m+l, we
find ψi ∈ C∞0 (B2r(xi)(xi)) such that 0 ≤ ψi ≤ 1 in RN and

∑m+l
i=1 ψi(x) = 1 for

any x ∈ K. The construction is classical. Take ϕ ∈ C∞0 (B2) with 0 ≤ ϕ ≤ 1 and
such that ϕ ≡ 1 in B1. Then we call ϕi(x) = ϕ((x−xi)/r(xi)), i = 1, . . . ,m+ l,
so that ϕi ∈ C∞0 (B2r(xi)(xi)), 0 ≤ ϕi ≤ 1 and such that ϕi ≡ 1 in Br(xi)(xi).
Then call ψ1 = ϕ1, ψ2 = ϕ2(1− ϕ1), ψ3 = ϕ3(1− ϕ1)(1− ϕ2), and so on up to
ψm+l = ϕm+l(1 − ϕ1) · · · (1 − ϕm+l−1). It is not difficult to conclude that, for
any i = 1, . . . ,m+ l and any k ∈ N, the Ck norm of ϕi is bounded by a constant
depending k, r, L and R only.

Proof of Theorems 2.4 and 2.6. We illustrate the BV -case and we leave the
analogous Sobolev case to the reader. More details can be found, for instance,
in [42], see in particular Chapter 15, where these results are proved except for
the precise dependence of the constants involved on the geometric properties of
Ω.

Let u ∈ BV (Ω). We use the partition of unity constructed before and define
ui = uψi. The BV norm of ui is controlled by the BV norm of u, through
constants depending on r, L and R only. For any i = 1, . . . ,m, we apply
the transformation T , related to xi, and define vi = ui ◦ T−1 in the paral-
lelepiped R = (−r1, r1)N−1 × (−r2/2, 0). We call S its upper side, that is,
S = (−r1, r1)N−1 × {0}. Since T is a bi-Lipschitz transformation, by [5, Theo-
rem 3.16] we infer that vi is still a BV function, whose BV norm is controlled
by that of ui.

For what concerns the trace estimate, we have that vi|S belongs to L1(S)
and, for a constant C depending on r1 and r2 only, we have

‖vi‖L1(S) ≤ C‖vi‖BV (R).

By going back through T , we infer that

‖ui‖L1(∂Ω) ≤ C1‖u‖BV (Ω).

Since on the boundary u =
∑m
i=1 ui and m is controlled by the geometric con-

stants of Ω, the trace inequality is proved with the right dependence on r, L
and R.

The reverse inequality is quite similar. We start with ϕ ∈ L1(∂Ω). Let χi ∈
C∞0 (Br3(xi)) be such that 0 ≤ χi ≤ 1 and χi ≡ 1 on Br3/2(xi). These may
just be equal up to a translation. We let, for any i =, 1 . . . ,m, by using T ,
ϕ̃i = (χiϕ)◦T−1 which is an L1 function on S and it is also compactly supported
in S. We can find v̂i, a W 1,1 function on the lower half space {yn < 0}, whose
trace on {yn = 0} is ϕ̃i and whose W 1,1 norm is controlled by an absolute
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constant times the L1 norm of ϕ̃i. We consider ui = ψi(v̂i◦T ). Then u =
∑m
i=1 ui

has the desired properties.
For the extension, we use the previous construction and define, for any i =

1, . . . ,m, through the usual transformation T , vi = u◦T−1 in the parallelepiped
R. By an even reflection, we extend vi to a function ṽi on (−r1, r1)N−1 ×
(−r2/2, r2/2). Then, we let ũi = ṽi ◦ T , for i = 1, . . . ,m, and ũi = ui, for
i = m + 1, . . . ,m + l, and obtain the desired extension by summing the func-
tions ψiṽi. Such a construction provides the desired result in the BV case and
in the Sobolev case and it is completely independent from the particular space
it is used for. �

Remark A.1 Let us assume that λ0 ≤ u ≤ λ1 in Ω. We note that, in the
previous construction for the extension, we have that ũi still satisfies λ0 ≤ ũi ≤
λ1, for any i = 1, . . . ,m+l. We note that the union of the domains of ũi contains
K. Since the condition is convex, and ψi is a partition of unity on K, we conclude
that the extension Su still satisfies λ0 ≤ Su ≤ λ1 in K. Let χ : R→ R be such
that 0 ≤ χ ≤ 1, χ ≡ 1 on (−∞, r3/16] and χ ≡ 0 on [r3/8,+∞). Then let
χ̃ = χ(d) where d is the distance from Ω. By taking

S̃u := χ̃Su+ (1− χ̃)
λ0 + λ1

2

we obtain an alternative extension of u to the whole RN such that λ0 ≤ S̃u ≤ λ1

in RN , still |D(S̃u)|(∂Ω) = 0, and

|D(S̃u)|(RN ) ≤ CE‖u‖BV (Ω)

or, for 1 ≤ p < +∞,

‖∇(S̃u)‖W 1,p(RN ,RN ) ≤ CE‖u‖W 1,p(Ω),

with CE with the same dependence as in Theorem 2.6.
Let A ∈ BV (Ω,MN×N (R)) be such that λ0IN ≤ A ≤ λ1IN . Then let SA be

the extension of A obtained by extending all the elements of A with S. Then
by taking

S̃A := χ̃SA+ (1− χ̃)
λ0 + λ1

2
IN

we obtain an alternative extension of A to the whole RN such that λ0IN ≤
S̃A ≤ λ1IN in RN , the total variation of S̃A on ∂Ω is 0, and

|S̃A|BV (RN ,M) ≤ CE‖A‖BV (Ω,M).

Finally, if A is symmetric, then both SA and S̃A are symmetric as well.

Proof of Theorem 2.7. In [4, Proposition 3.2], (2.16) and (2.17) are proved
in the case p = 2. The only difference, for p different from 2, is in the very last
part of the proof of [4, Lemma 4.1]. Following their notation, for some bounded
function w ≥ 0 on ∂Ω such that

´
∂Ω
w = 1, we consider w(u) =

´
∂Ω
uw, for any

u ∈W 1,p(Ω). Then, taking v = u− w(u), it is proved that

‖v‖Lp(∂Ω) + ‖v‖Lp(Ω) ≤ C‖∇v‖Lp(Ω,RN ) = C‖∇u‖Lp(Ω,RN ).
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From here, since

(A.2)

∣∣∣∣ 
E

v

∣∣∣∣ ≤ m(E)−1/p‖v‖Lp(E),

we easily conclude that∥∥∥∥v −  
∂Ω

v

∥∥∥∥
Lp(∂Ω)

+

∥∥∥∥v −  
Ω

v

∥∥∥∥
Lp(Ω)

≤ 2C‖∇u‖Lp(Ω,RN ).

Since u−
 
∂Ω

u = v −
 
∂Ω

v and u−
 

Ω

u = v −
 

Ω

v, (2.16) and (2.17) are true

for any 1 ≤ p < +∞.

In order to obtain (2.15), for v = u−
 

Ω

u, we have that, by (2.16) and (2.11)

(or (2.13) when p = 1),

‖v‖Lp(∂Ω) ≤ CT ‖v‖W 1,p(Ω) ≤ CT (1 + C̃pP )1/p‖∇v‖Lp(Ω,RN ).

Therefore,∥∥∥∥u−  
∂Ω

u

∥∥∥∥
Lp(Ω)

=

∥∥∥∥v −  
∂Ω

v

∥∥∥∥
Lp(Ω)

≤ ‖v‖Lp(Ω) +

∣∣∣∣ 
∂Ω

v

∣∣∣∣ |Ω|1/p,
hence, using (A.2),∥∥∥∥u−  

∂Ω

u

∥∥∥∥
Lp(Ω)

≤

(
C̃P +

(
|Ω|

HN−1(∂Ω)

)1/p

CT (1 + C̃pP )1/p

)
‖∇v‖Lp(Ω,RN )

and (2.15) is fully proved with the help of (2.6). �

Proof of Theorem 2.16. The case p = 2 has already been proved, therefore
we can assume p > 2 in what follows. We provide just a hint for the proof,
leaving the details to the reader.

From [45], one can deduce the following interior estimate. Let 0 < r̃1 < r̃2

and let U ∈ H1
loc(Br̃2) be a weak solution to

−div(A∇U) = F in Br̃2

for some F ∈ (H1(Br̃2))′. Then there exist a constant Q > 2, depending on r2,
λ0 and λ1 only, and a constant C, depending on r̃1, r̃2, λ0, λ1 and p only, such
that, if 2 < p ≤ Q, then

‖∇U‖Lp(Br̃1 ,RN ) ≤ C
(
‖F‖(W 1,p(Br̃2 ))′ + ‖U‖Lp(Br̃2 ) + ‖∇U‖L2(Br̃2 ,RN )

)
.

This interior estimate is the key point of the proof. By the geometric con-
struction outlined at the beginning of this Appendix, for any x ∈ ∂Ω, we use the
bi-Lipschitz transformation T and transform the function u−ϕ, in the Dirichlet
case, or v, in the Neumann case, in a function U satisfying an elliptic equation
in (−r1, r1)N−1 × (−r2/2, 0). By a reflection on the upper side of this paral-
lelepiped, reflection which is odd in the Dirichlet case and even in the Neumann
one, we obtain a function, which we still call U , satisfying an elliptic equation
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in (−r1, r1)N−1× (−r2/2, r2/2). To this function we apply the previous interior
estimate. By going back with the tranform T , we obtain a suitable estimate on
u − ϕ or v, respectively, in a neighbourhood of x. If x is in the interior of Ω
we apply directly the interior estimate. By the covering in (A.1), we need to
perform just a finite number of these estimates to control the corresponding
norms of u− ϕ or v all over Ω.

Since all parts of this procedure depend only on the geometric constants of
Ω, that is, r, L and R, the proof may be concluded. �
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